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Vorrede und Danksagung 



Die vorliegende Arbeit ist das wesentliche Ergebnis meiner Zeit am mathema- 
tischen Institut der Universität Göttingen. Dort war ich vom Sommer 2005 bis 
zum Herbst 2007 Promotionsstudent, unterstützt durch den dortigen Gradu- 
iertenkolleg Gruppen und Geometrie. 

Wie der Titel sagt, beschäftigt sich die Arbeit mit der lokalen Struktur von 
T-Dualitätstripeln. T-Dualitätstripel (das T steht für Torus) sind mathemati- 
sche Objekte, die sich als zweckmäßig erwiesen haben, T-Dualität mittels to- 
pologischer Methoden zu beschreiben | BRS | . T-Dualität selbst ist eine Dualität 
von Stringtheorien [Po| auf zwei verschiedenen Raumzeitmanigfaltigkeiten. 
Im einfachsten Falle sind diese durch eine Transformation Radius 1 /Radi- 
us entlang einer kompaktifizierten Raumdimension (einem Torus) miteinander 
identifiziert. Das Verhalten der zugrundeliegenden Felder und die Geometrie 
und Topologie der Raumzeitmanigfaltigkeiten unter dem Übergang von einer 
Raumzeit zu der anderen ist das, was durch T-Dualität beschrieben wird. Die 
Literatur zu diesem Thema ist reichhaltig, und man möge etwa IBEMilBHMli 
IMRi fBRSI und der darin zitierten Literatur folgen, um einen Überblick darüber 
zu erhalten. Neben der schon erwähnten topologischen Beschreibungsweise, 
ist in I.MR.I ein C* -algebraischer Zugang beschrieben, dessen zentrale Objekte 
gewisse C* -dynamische Systeme sind, deren Dualitätstheorie wiederum eine 
andere mathematische Beschreibung von T-Dualität liefert. 

Das Ziel dieser Arbeit ist es, einen expliziten Zusammenhang zwischen 
dem C* -algebraischen Zugang und den Resultaten über topologische T-Dualität 
herzustellen. Dabei wird sich zeigen, daß wir dieses Ziel erreichen können, in- 
dem wir die lokale Struktur der zugrundeliegenden Objekte analysieren und 
mit Hilfe der gewonnenen lokalen Daten zeigen, daß in beiden Fällen die je- 
weiligen, geeignet gewählten Aquivalenzklassen der topologischen und C*- 
algebraischen Objekte übereinstimmen. 

Ich will mich an dieser Stelle recht herzlich bei all denjenigen bedanken, die 
zum Gelingen und Entstehen dieser Arbeit beigetragen haben. An erster Stel- 
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1 Introduction and Summary 



String theory [Pol is based on the physical idea to describe nature not only by 
point particles but with the concept of higher dimensional objects. Although 
it is still unclear how close string theory is to physics a lot of interesting new 
phenomena have been observed which have led to many fruitfully new ideas 
and have made it a rieh theory. In particular, a lot of new mathematical ideas 
have arose from the desire to understand the discovered structures. One of 
those is the concept of T-duality. 

T-duality is a duality of string theories (type IIA and IIB) on different im- 
derlying space-time manifolds £ ancß £ which are (in the simplest case) re- 
lated by a transformation of type: radius i— > 1/radius along a compactified 
space-time dimension. A duality between two theories on different space-time 
manifolds gives a prescription how the fields and their correlation functions 
transform under the change of the underlying manifolds. In the present case 
one may take as an example the charges of the D-branes which take values in 
the twisted K- theory of E |BM|, where the twist is given by a backgroimd field 
on £ (a 3-form H called H-flux). Then T-duality must give the answer how the 
backgroimd fields transform and should lead to an isomorphism of the twisted 
K-theories of the underlying manifolds. 

We cannot give a summary of the whole subject, but we can try to point out 
some of its mathematical issues. In literature there are different approaches 
of a mathematical understanding of T-duality. One is based on the theory of 
C*-dynamical Systems which serve a notion of T-duality using crossed prod- 
uct C*-algebras I BHM21 iMRl , another is by geometric and topological means 
IBEMIIbHM1.,BS.,BRS| , a third using methods from algebraic geometry IBSSTJ . 
We focus Our attention to the first and second approach and contrnue to de- 
scribe some features of the geometric-topological side in more detail. 

Let US think of the manifolds £ and £ as prrncipal circle bimdles which have 
isomorphic quotients E/S^ = E/S^ =: B. In IBEMI it is described in terms of 
differential geometry how the data of the curvature F of £ and of the H-flux 
H on £ are related to the corresponding dual data F and H of E. The result is 
that integration of H along the fibres of £ yields the dual curvature and vice 
versa. In the case of S^-bundles E and £ we can identify the classes of the 
curvatures with the realifications of the first Chern classes Ci,Ci G H^(ß, Z) 
of the respective bundles, and there also exist integer cohomology classes h E 
H^{E,Z),h e H^(E,Z) whose realifications are /Z]r = [H] and = [H]. In 
this sense, we forgot geometry and now may only consider these topological 
data. This is the point of view which was adopted in [BS], wherein among 
other things the results of [BEM] are restated on a purely topological level. The 
higher dimensional case, where the circle is replaced by the «-dimensional 
torus T" = (S^)^", i.e. £ is thought of a prrncipal T"-b;mdle, is described in 
IBHMll in terms of differential geometry. Its topological structure is described 

^The accent circonflexe " is going to be the most overloaded Symbol in this work. 



8 



in BBRSI which we want to discuss in more detail. They introduce so-called 
T-duality triples and define that a pair {E,h) is dual to a pair {E,h) if there is 
a T-duality triple connecting them. The notion of T-duality triples which we 
are going to call topological triples (Definition 12.91 1 is central for this work, so 
let US clarify what it means that a T-duality triple connects the pairs (E, h) and 
{E,h) : 

A T-duality triple is a commutative diagram 

PxbE^ = ExßP (1) 




wherein P ^ E and P — > E are principal bundles with structure group PU(J{), 
the projective unitary group of some infinite dimensional, separable Hilbert 
Space 3i, such that both of these bundles are trivialisable when restricted to 
the fibres of E ^ ß or E ^ ß respectively. Moreover, the top-isomorphism 
K satisfies the foUowing local condition: Due to the triviality condition on the 
bundles P, P, we can trivialise (H) over each u E B such that the isomorphism k 
induces a map k(m) : T" x T" PU(5£) which implements the isomorphism. 
Now, PU(J{) is an Eilenberg-McLane space of type K{Z,2) so k(m) defines a 
class [k{u)] e H2(T" X T",Z). We force this class to satisfy [k{u)] e n + 
im(prj) -|-im(pr2), where pr]^2 • """" x T" ^ T" are the projections and n is 
the class of the tautological line bündle over T" x T" which is n = yi U yi + 
■ ■ ■ +ynUy„, for the generators yi, . . . ,y„,yi, . . . ,y„ of H^{T" x T",Z). 

Remark 1.1 In fact, this is not the definition of j ßRSF . Firstly, they uses the more 
general notion oftwists instead of the bundles P and P, but the category o/PU(?f)- 
principal bundles with homotopy classes of bündle isoniorphisms as morphisms is a 
model of twists. Secondly, they require the (a priori) more restrictive condition that 
the class of the bundles [P] e H^{E,Z) (analogously for [P] e H^{E,Z)) lies in 
the second Step F^H^{E,Z) of the filtration {0} C F^H^{E,Z) c F^H^{E,Z) c 
F^H^{E,Z) C H^{E,Z) associated to the Leray-Serre spectral sequence. The re- 
quirement of triviality over the fibres of E we stated above precisely means that the 
class lies in thefirst step F^H^{E,Z) of the filtration. However, these two conditions 
on the classes are equivalent as we shoiv in Lemma \5J\ 

A T-duality triple which we denote by {k, {P ,E) , [P , E)) connects the two 
pairs (E,/j) and {E,h) if we have an equality of the classes [P] = h and [P] = h. 
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To a T-duality triple we can associate two C*-algebras, namely the C*-algebra 
of sections T{E, F) and Y{E, F) of the associated bundles F := P Xpij{:K) 3^(5^) 
and F := P Xp^^r^-j It is the very aim of this work to understand how 

these two C*-algebras are related to each other. This issue turns our focus on 
the C*-algebraic approach to T-duality [MR,,BHM2J which is based on the un- 
derstanding of abelian C*-dynamical Systems. 

We shortly summarise some C*-algebraic background. 

The duality theory of abelian C*-dynamical Systems which has been inves- 
tigated for a quite long time [Pel] is the foundation to understand T-duality by 
C*-algebraic means. The dual of an abelian C*dynamical System {A, G, a), i.e. 
A a C*-algebra with strongly continuous action a : G ^ Aut(A) of a locally 
compact, abelian group G, is the crossed product C*-algebra G A equipped 
with the natural action a of the dual group G, i.e. (G x « A, G, a) becomes again 
a C*-d5mamical System (see llPell or section lÄ!4|l . A central result is the Takai 
duality theorem (Theorem IA.2I I which states in particular that the bi-dual C*- 
algebra is stably isomorphic to the original one, i.e. they are Morita equivalent. 
Thus, it is completely trivial to understand the structure of the bi-dual and the 
difficult task is to imderstand the dual G x^^ A. 

In the 80s and 90s big progress has been made to understand the dual in 
case A is a continuous trace algebra which we assume from now on. The basic 
structure theorem of Dixmier and Douady (see e.g. [Di]) says that any separa- 
ble, stable continuous trace algebra A is isomorphic to ro(E, F) the C* -algebra 
of sections vanishing at infinity, where E := spec(A) is the spectrum of A and 
F ^ E is a locally trivial bündle with each fibre isomorphic to the compacts 
X{^). Their isomorphism classes are classified by H^(E, U(1) ) = H^{E,Z) 

(cp. section lA.3l l, and the class in H^{E, Z) which determines the isomorphism 
type of A = Tg (E, F) is called the Dixmier-Douady invariant of A. 

A first result Well IRW I for an understanding the crossed product G x ^ A 
was that if G is compactly generated and the induced action of G on the spec- 
trum E of A is trivial, then the crossed product G x ^ A is isomorphic to the 
balanced tensor product Cq{E) <SiCg{B) —'■ P*^/ wherein p : E ^ ß is a G- 
principal bündle consisting of the Spaces E := spec(G x^, A) and ß := E. 

The more general Situation wherein the action of G does not fix the spec- 
trum E of A but has constant isotropy group N for each tt G E is concerned in 
[RRJ. One of the Statements therein is the following. Assume that E with the 
induced action of G/N is a principal fibre bündle E — > ß := E/(G/N) and 
that the restricted action a | ^ of N on A is locally unitary, then there is a pull 
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back diagram of principal fibre bundles 



E XßE^speciN x^i^A) 




wherein the down-right arrows have fibre G/N and the down-lef t arrows have 
fibre N = G/N^. (N^ is the annihilator of N which is the set of characters 
of G whose restriction to N is identically 1.) Moreover, p*A is isomorphic to 
N x^l^ A and Morita equivalent to p*{G A). Thus, we have the following 
Schema tic Situation of C*-algebras over their spectra 

P*A^ ^ Nx,\^A (2) 

l Morita 




Gxo^A 



B 



which obviously is similar to diagram ([T). The question is whether or not it 
is possible that both A and G x « A are separable, stable continuous trace alge- 
bras. This question has been answered in lERI Thm. 6] . In particular, this is true 
if a|N is point-wise unitary and the action of G / N on E Xg E = spec(N x^|^ A) 
is proper, e.g. G/N is compact. 
This finishes our summary. 

The approach to T-duality of IMRI considers the following set-up. Let E be 
a locally compact space (with certain finiteness assumptions) with an action of 
the torus T" such that E B := E/T" becomes a principal torus bündle, and 
let h E H^{E,Z). They concern these data as a stable continuous trace algebra 
ro(E, F) that has Dixmier-Douady invariant h. Under which circumstances is 
it possible to lift the T" -action from the spectrum E to an action of R" =: G 
on ro(E, f )? If so, is it further possible to obtain an action whose restriction to 
N := is point-wise imitary for all tt G E? These questions are answered in 
|MR[ Thm 3.1]. The general answer is no, but if we make further restrictions 
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to the class h one achieves a positive answer. Namely, a lift a to an ]R"-action 
exists if and only if G F^H^{E,Z) the first step of the filtration 

C F^H^iE,Z.) c F^H^{E,Z.) c F'^H^{E,Z) c H^{E,Z) 

associated to the Leray-Serre spectral sequence, and there exists a point-wise 
unitary action if even h e F^H^lE,^.). Consequently, in the latter case there 
exists a T-dual in the sense that there exists a dual space-time E in diagram (|2j 
which is a Z" = T"-prmcipal fibre bündle over B and is the spectrum of the 
Stahle continuous trace algebra R" r(E, f ) =Tq{E,F). 

In this work we are going to show that the two approaches to T-duality are 
essentially equivalent, i.e. there is no difference between (equivalence classes 
of ) T-duality triples and (equivalence classes of ) abelian C* -dynamical Systems 
which are obtained as described above. To fulfil this task we must develop a 
technique which enables us to compare such different objects. The methods of 
[ BRSj and |MR| are not applicable for such a manoeuvre as they are too less 
explicit: The explicit description of the local structure of these two different 
kinds of objects can be used to describe a transformation as desired. 

Our method is general enough that we do not have to restrict ourselves to 
the case of the groups IR" and T" = ]R"/Z". - We develop a theory for all 
second countable, locally compact, abelian groups G with lattice N C G, i.e. N 
is a discrete, cocompact subgroup. 

We give an overview of this work. 

A basic technique we use throughout the whole of this work is to lift all 
local, projective unitary families of functions (e.g. the transition functions of 
a PU(!K)-principal bündle P ^ E) to unitary Borel- or L°°-functions in direc- 
tion of the fibres G/N of E B and to thrnk of them as new unitary (multi- 
plication) Operators in U(L^(G/N) ® ^K). We call this procedure Borel lifting 
technique. The technical condition we must assume is that the base ß is a para- 
compact Hausdorff space which is locally contractible. We call Spaces with 
these properties base Spaces, and the whole theory we develop is a theory over 
base Spaces. 

In sections 12.1 1 and 1 2.21 we introduce the notion of pairs. A pair is a G/N- 
principal fibre bündle E ^ B over a base space B and a PU( J{)-principal fibre 
bündle P ^ E which is trivialisable over the fibres of E. We explain their local 
structure and give a quick result on their Classification. 

In section 12.31 we introduce a twisted version of Cech cohomology on the 
base B, where the twist is given by the bündle E ^ B. The Borel lifting tech- 
nique mentioned above defines a map from (equivalence classes of) pairs into 
the second twisted Cech cohomology (similar to the ordinary definition of the 
second Cech class of a PU(!K)-bundle). 

In sections |2. 41 we extend the same procedure to dynamical triples {p, E, P) 
which are pairs (P, E) equipped with a lift p of the G/N action on E to a G- 
action on P. Due to this action, group cohomological expressions arise in the 
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description of their local structure and lead finally to a map from (equivalence 
classes of) dynamical triples to the second cohomology of a double complex 
which has one (twisted) Cech cohomological direction and a second group co- 
homological direction. A two cocycle (or two cohomology class) of this com- 
plex has three entries: a pure Cech part due to the transition functions of the 
pair, a group cohomological part and a third mixed term. In section |3Ä] we 
focus Our attention to those triples for which the group cohomological entry 
vanishes. 

Section [231 just contains the definition of dual pairs and dual dynamical 
triples which are nothing more than pairs and dynamical triples, but as under- 
lying groups we take the dual group G of G with dual lattice the annihilator 
of N. 

Then in section |Z6l we introduce topological triples. Our definition is a 
straight forward generalisation to arbitrary locally compact, abelian groups G 
with lattice N from the notion of a T-duality triple (G = R", N = Z"). 

In section \3ä\ we State our first main result. We first Single out a specific 
subclass of dynamical triples which we call dualisable. They are those dy- 
namical triples for which the group cohomological entry of the associated two 
cohomology class (of the double complex) vanishes. We construct an explicit 
map [{p,E,P)] H- > [{p, E,P)] from the set of equivalence classes of dualisable 
dynamical triples to the set of equivalence classes of dualisable dual dynam- 
ical triples, and show that it is a bijection whose Lnverse is given by the dual 
map (defined by replacing everything by its dual counterpart). In this sense 
dualisable dynamical triples and dual dualisable triples are in duality. 

Section |T2l contains two important Statements. The first is that we have a 
map T(ß) from the set of equivalence classes of dualisable dynamical triples 
to the set of equivalence classes of topological triples (everything understood 
Over a base space ß). This map is defined by the duality theorem of section 
13.11 i.e. the topological triple we define consists of the pairs of two dynamical 
triples in duality. Then we try to define a map S{B) in the opposite direction 
which generally falls as an obstruction occurs. However, on the subset of those 
topological triples which have a vanishing obstruction we then find a construc- 
tion of a whole f amily of dualisable dynamical triples which is associated to a 
topological triple. This construction, when restricted to the Image of the first 
map, can be turned into an honest map, i.e. we have a preferred choice of an 
element of the f amily, and this map is inverse to T(ß). 

Section [331 is devoted to the special case of the group G = R" with lattice 
N = Z". In this Situation the construction of the map S{B) simplifies dras- 
tically, the group wherein the obstruction lives vanishes. As a result, we can 
associate to each topological triple a dynamical triple which is unique (up to 
equivalence) because the family of dynamical triples degenerates to a family 
of one Single element only. As it turns out the two maps T(ß) and 6{B) are 
bijections and inverse to each other. 

Moreover, the four maps mentioned above are natural in the base, so they 
define natural transformations of functors. Thus, the main result of section l33l 
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can be restated as follows. In the case of G = K" and N = Z", we have a 
completely explicit construction of equivalences of functors 

Top Dyn^ ^ Dyn . 

Therein, Dyn^ (Dyn ) is the functor sending a base space to the set of equiva- 
lence classes of dualisable (dual) dynamical triples over it. Top is the fxinctor 
which sends a base space to the set of equivalence classes of topological (T- 
duality) triples over it. 

In section |334l we point out that the theory developed so far is connected to 
the theory of C*-dynamical Systems precisely as one expects. Namely, the C*- 
dynamical Systems (G x^p r(E, F), G, a'') and (r(E, F),G, a^') are isomorphic, 
wherein {p,E,P) is the dual of (|D,E,P) and {p,E,P) ^ {Y{E,F),G,oiP) is the 
functor which sends a dualisable (dual) dynamical triple to its corresponding 
C*-dynamical System, i.e. F is the associated !K(!K)-bundle to P and ocP is the 
by p induced action on the C*-algebra of sections r(E, F). 

In an appendix we put some technical lemmata and notation we are going 
to use. 
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2 Pairs and Triples 



2.1 The Category of Pairs 

Definition 2.1 A base Space ß is a topological space which is Hausdorjf, paracom- 
pact and locally contractible. 

The category of base Spaces consists of bases Spaces as objects and contin- 
uous maps between them as morphisms. A t5rpical class of base Spaces are 
CW-complexes [FP, Thm. 1.3.2, Thm. 1.3.5]. 

By G we will always denote a second countable, Hausdorff, locally compact 
abelian group and by N a discrete, cocompact subgroup, i.e. the quotient G/N 
is compact. 

Let % be an infinite dimensional, separable Hilbert space. Let E ^ ß be a 
G / N-principal fibre bündle and P — > E be a PU(?{)-principal fibre bündle. 

Definition 2.2 We call the dat^ {P,E)a pair over B loith underlying Hilbert space 
3<if 

i) B is a base space, 

ii) the restriction ofthe bündle P ^ E to thefibres ofE^B is trivialisable. 

Remark 2.1 We do not require local compactness for B, because we want to develop 
a theory that includes non locally compact spaces such as classifying Spaces ofgroups 
(s. next section). Therefore E need not to be locally compact and thus need not equal 
the spectrum of any (continuos trace) C*-algebra such as T{E,F) the C*-algebra of 
bounded sections (or T(j{E, F) the C*-algebra ofsections vanishing at infinity [A sec- 
tion vanishing at infinity vanishes already identically on the set ofpoints which don't 
have a compact neighbourhood.]) ofthe associated C*-bundle F := P Xpu(j{) 

A morphism (cp, i?, 9) over ß from a pair P— >E — > ß with underlying Hilbert 
Space to a pair P'^E' — > ß with underlying Hilbert space J{' is a commuta- 
tive diagram of bündle isomorphisms 

P^^q>*P' (3) 
E^-E' 



ß ^ß, 

wherein cp E PU(5{, := U(a<, /U(l) is the class of a unitary isomor- 
phism J{ cp*P' is the PU(?{)-bundle with total space <p*P' = P', but 

with PU(:K)-action that is induced by cp* : PU(Jf) PU(J{'), i.e. x' ■ U : = 

^differing from iBRSi 
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x' ■ {cp*)~^U,x' G P',U G PU(JC). Pairs over a base space B and their mor- 
phisms form a category; composition of morphisms (q>,ß,6) and {(p',ü',6') is 
just component-wise composition {cp' o cp,ß' o ß, 6' o 6). This category is even a 
groupoid, i.e. every morphism is an isomorphism. 

This notion of morphism is well-behaved imder stabilisation in the follow- 
ing sense. Let (P, E) be a pair over B with underlying Hilbert space iK. Let 
Jfo be any separable Hilbert space, not neccessarily infinite dimensional. Then 
F\J{0<) is isomorphic to the subgroup 1 ® PU(J{) of PU(Jfo «) Ji) and thus 
PU(J{) acts on PU(J{o(»,JC) by left multiplication: {U,V) ^ (l^ ® !J)y. 
Then the associated (stabilised) bündle 

P^H, := PU(5io) ® P := P Xpu(jc) PU(5{o ® J^) (4) 

is a PU( Jfo ® IH)-principal bündle and (Pch^, E) is a pair over ß with underlying 
Hilbert space J{o ® We call two pairs (P, E) and {P',E') with underlying 
Hilbert Spaces J{ and Jf' stably isomorphic if there exists a Hilbert space !Ko 
such that the pairs 

(P^Ko'E) and (P^,E') are isomorphic. 

Proposition 2.1 Tzüo paz'rs oüer ß are stably isomorphic if and only ifthey are iso- 
morphic. 

Proof : It is clear that isomorphic pairs are stably isomorphic. To prove the 
converse it suffices to show that P and cp*P^ are isomorphic over E, for an 
isomorphism ^ : J{ = IKq ® To do so, we show that P and (p*P:Ho define the 
same Cech class, hence the Classification theorem of PU( J{)-bundles (Theorem 
lA.lll implies that the two bundles are isomorphic. 

In fact, if : V,,- PU(J{) are transition functions for P (here {Vi} is 

a covering of E) , then ^j- := <p*(l ® Qi) are transition functions for (p*P^. 
If we refine the covering such that the transition functions lift to imitary- 

valued functions ^y, (Lemma IA.8II , then these lifts define also lifts ^y, for the 
other family of transition functions. Thus, on threefold intersections V/gj the 
cocycle identities of the two families are perturbed by the same Cech 2-cocycle 

Ckji ■■= Tjll^% ■■ Vkji ^ U(l) ■ 1, n = 1, 2. 
Hence, their classes agree. ■ 

Remark 2.2 In case ofan additional structure such as a group action ofGonP stähle 
isomorphism and isomorphism are different notions when weforce them to preserve the 
extra structure. This will be important in section Ü^ 

Let US denote by Par the set valued contravariant functor that sends a base 
Space ß to the set of stable isomorphism classes of pairs over ß, i.e. 

Par(ß) := I pairs over ß}/ ^ . , 

^ ' >• i J / stable isomorphism ' 
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and if / : ß' — > B is a continuous map between base Spaces, then pullback 
defines a map /* : Par(ß) Par(ß'). 

There is a subcategory of pairs over ß consisting of pairs with a fixed G / N- 
bimdle £ ^ ß and morphisms of the form {cp, d, idg), and we call pairs (P, £) 
and {P',E) stably isomorphic over E if there is a isomorphism of this special 
form between (P^Kj/ E) ^rid (P^^, E), for a Hilbert space We define 

ParfE, ß) := | pairs over ß with fixed E| / ^ , , . , . ^ , 

' f <- r J / stable isomorphism over t ' 

and for a bündle morphism 

E' — E 



B' ^ß 

we define by pullback a map 6* : Par(E, ß) Par(E', ß'), so Par( . ,..) be- 
comes a contravariant functor from the category of G/N-principal fibre bim- 
dles over base Spaces to sets. The bündle automorphisms Autß(E) of E over 
idß act on Par(E, ß) by pullback, and we have a decomposition Par(ß) = 
0[E] B) / Autß (E) ), wherein the disjoint union runs over all isomorphism 

classes of G/N-bundles E ^ ß. 

Remark 2.3 For euch fixed E ^ B the set Par(E, ß) has a natural group structure. 
J/[(P,E)] and [(P',E)] are two classes of pairs, then we let [(P,E)] + [(P',E)] : = 
[(P (g) P', E)], wherein P ®P' is the PU(J{ "K'yhundle which is associated to the 
PU(?{) X FU{J{') -bündle PxeP', 

P(^P' -{PxeP') Xpu(:h)xpu(:k') PU(5{ ® M')- 

The Unit element is given by the class of a trivial bündle and the inverse of [(P, E)] is 
given by the class [(P*, E)] ofthe complex conjugate bündle P* which is as space the 
bündle P but has the action (x, U) x ■ JJ*. ü* is here the complex conjugate (not 
the adjoint) ofU& PU(!K) (which may be defined by identifying % = /^(N) and 
taking the complex conjugate matrix ofu= {uij)i^j^-^,for U = Ad(M) ). 

In this way we just mimic the group structure o/H^(E,U(l)), i.e. the Classifica- 
tion mfl;iFar(E,ß) H^{E,\]{1)) is turned into a group homomorphism. 

An automorphism of a pair is a morphism from a pair onto itself. The 
group of automorphisms of a pair is denoted by Aut(P, E). It becomes a topo- 
logical group when equipped with the initial topology of the forgetful map 
Aut(P,E) PU(J{,5{') X Map(P,P) which sends a morphism (<p,!9,0) to 
((f), !?), wherein U(5{, !K') has the strong topology, i.e. the topology of point- 
wise convergence. Map(P, P) has the compact open topology. 

Since G/N is a commutative group mappings of the form 6z : E 3 e i-^ 
e ■ z G E, z G G/N, are bündle morphisms. They give rise to a subgroup 

^See Theorem lA.il 
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Autj {P, E) which consist of all morphisms (id^, ß, 9z)- Let Auto(P, E) denote 
the subgroup consisting of morphisms {id^, idf), then we find a short exact 
sequence of topological groups 

1 ^ Auto(P,E) ^ Auti(P,£) ^ G/N 0. 

2.2 The Local Structure of Pairs and their Classifying Space 

By A we denote the group of automorphisms of the trivial pair over a point. In 
particular, a — {cp, ß,6) & A makes 

G/N X PU(?{) — ^ G/N X PU(5{) 



G/N ^ G/N 

* s- * 

commute, for some z G G/N. Iiis immediate that there is an isomorphism 

A S G/NixMap(G/Ar,PU(?£)) xPU(?{) 

oftopological groups, wherein G/N >< Map(G/N,PU(IH;)) x: PU(IK) isthesemi- 
direct product with multiplication (y, t], u) ■ (z, l,, v) := {y + z,{z- rj ■ v) ^, uv). 
The action on the continuous f unctions Map ( G / N, PU ( ?{) ) is 

{z-t] ■ v){x) :— v~^t]{x + z)v. 

Let (P, E) be any pair over ß with underlying Hilbert space "K. B is a base 
Space, and so we can choose a covering e 1} of ß of open sets such that 
for each U, there is a commutative diagram 

Ui X G/N X PU(J{) q-^{p-\Ui)) ^ P (5) 

"I 

y 

Ui X G/N = > V'^i^i) ^ E 

V 

Ui = ^ Ui ^B, 

with bündle isomorphisms fc,, hi. We refer to such a covering as an atlas U, — 
{{Ui,ki,hi) I z e 1} consisting of the Charts {Ui,ki,hi). The transition from 
one Chart to another is described by a set of transition fimctions. For a pair 
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this consists of two f amilies of continuous functions gij : Uij — > G/N and 
Cij : Uij Map(G/N,PU(J{)) which appear in 

hr^ o hi : Uji X G/N x PU(Jf) ^ Uij x G/N x PU(M). 

(M,z,Lf) (M,g^-,-(M) 

It follows that on threefold intersections LZ/yj; the relations gki{u) = gkj{u) + 
gji{u) and 

(z) = ^kj{u) {gjdu) + 2) ^y, (m) (z) e PU(?f ) (6) 
are valid; equivalently, the family of functions 

Uij := gij X ^ij : Uij G/N x Map(G/N,PU(J{)) =: Ai C A 

satisfies the Cech 1-cocycle condition fl,j(M)flyj.(") = ß//c(")- Now, let £Ai — > 
CBtIi be the universal yii-principal fibre bündle. We call the associated pair 

Puniy :=£^1 XA^ (G/NxPU(J{)) 

E^i^ :=£yiiX^^G/N 



ßuniv ■ — "SiAi 

the universal pair. Indeed we can choose a CW-model for "BAi such that the 
universal pair is a pair in the sense of Definition 12.21 Its name is due to the 
foUowing universal property. 

Proposition 2.2 The space ßuniv classifies pairs over (pointed) CW-complexes, i.e. 
ifB is a (pointed) CW-complex, then 

[ß, ßuniv] =Par(ß), 

wherein the left hand side is the set of (pointed) homotopy classes ofmaps B — > ßuniv- 

Proof : We already observed that the transition functions of a pair define a 
Cechclass [a..] = [g„ x ^..] e H^(ß,yii).Thisclassisindependentof thechosen 
atlas. Now, let {cp, d, 9) : (P, E) —>■ {P', E') be an isomorphism of pairs, then the 
transition fiinctions a' for {P', E') can be turned into a Cech yii-cocycle induced 
by (p* : PU(IK) = PU(J{'), and this class depends on the isomorphism class of 
the pair only. Conversely, the associated pairs of isomorphic yii-principal bim- 
dles are isomorphic, and each isomorphism class arises. 

Thus, pairs and yii-principal bundles over ß have the same isomorphism 
classes, but for a (pointed) CW-complex ß the latter isomorphism class is given 
by homotopy classes of maps to TiAi . ■ 
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2.3 Pairs and Twisted Cech Cohomology 

Let M and S be abelian (pre-)sheaves on a space ß and assume that M is a right 
S module. We are going to twist the Cech coboundary Operator of M by a Cech 
S 1-cocycle. Fix an open covering U, = {ü/|f e 1} of ß and let g e Z^{U,, S). 
Thenfor cp e C"^'^{U„M),n = 1,2,. . ., we define 



= 6(p + g f, 

wherein S is the ordinary Cech coboundary operatoj^ and 



The choice of the sign ( — 1 ) " ^ is such that the last term oiöcp and the first term 
of g*q> cancel. We obtain a sequence 

^CO(!J.,M) ^^Ci(LJ.,M) ^^C2(!J.,M) 

Lemma 2.1 (C* (U,, M), ö^,) is a cochain complex. 

Proof : We have to show that the Square of vanishes. Let cp e C"~^(U„M), 
then 

ögögcp = SScp + ö{g*cp)+g*Scp + g''{g''cp) 



and therefore 
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-l)"fe»/o..i„-(-l)"(^».o 
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+(- 
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-(- 




-1 ' Sin-l'n ' Sinin+l) 



= 0. 



"SeelÄSl 



20 



The last equality holds due to the cocycle relation gjj + = 



By the last lemma we have well-defined cohomology groups H" ( U,, M, g) 
for n = 0,1,2, .. . and any open cover 17, = {LI, |f e 1} of ß. And as in the 
untwisted case we define the twisted cohomology groups H"{B,M,g) of B by 
passing to the limit 

H"{B,M,g) := limy.H''(y.,M,^|), 

wherein the limit rims over all refinements V, of U,. To be precise, consider 
a refinement V, — {Vi^\k G K} of U, — G 1} with refinement map 

i : K ^ I , i.e. V^. C U,^k) the" we define {i*g)j,i := and similarly 

('»fco..ln := '?'<(to)-'(t„)k,g.,.,„ to obtain a cochain map /* : {C"{U„M),Sg) 
{C"{V,,M),Si*g). This construction defines a fimctor from the category of cov- 
erings with refinement maps as morphisms to the category of cochain com- 
plexes (and after taking homology to the category of graded abelian groups). 
The category of coverings is filtered in the following sense: 

(/) Any two coverings have a common refinement, i.e. for any two objects 
(LZ,, J) and {V,,K) there is a third object {W,,L) with morphisms (LI«, I) 
(W.,L)and(V.,X) ^ (W.,L). 

(ii) Any two refinement maps become equal finally, i.e. for any to mor- 
phisms / : (LL„ J) and k : (LL,,L) there exists an object 
(W.,L) and morphisms / : (V.,K) ^ (W.,L) and k' : {V„K) (W.,L) such 
that k' OK — i' o i. 

Due to (i) and {ii) the limit limy.H"(V,,M,g|) is independent of the choice 
of the first covering and independent of the refinement maps. 

So far, in our construction we referred explicitly to a choice of a cocycle 
g e 2^(LJ„S), but up to isomorphism i?"(ß,M,^) depends only on the class 
of g. In fact, let V, — {V]^\k G K} and U, — {Ui\i G 1} be open coverings 
of B, and let g' G Z^{V,, S) and g G Z^(LJ„ S) represent the same element in 
H^{B,S)- If W, — {Wm\m G M} is a common refinement with refinement 
maps i : M ^ I and k : M ^ K then there are Vm G 3(Wm) such that 
S'K{m)K{n)\w,nn =rm\w,„„ + gt{m)^{n)\w„n - r„ | • They give rise to the f oUowing 
diagram of cochain complexes 

{C'{U.,M),Sg) {C'iV„M),Sg,) 

(C*(W„M),^,.^) {C'{V^„M),ö^.g,) 

wherein r* is defined by ir*<p)kg...k„ := no-k„ ■ I Vico..i„ ' 9 ^ C"(V;,M). 
One easily derives öi*g{r*(p) = r^S^tgCp, for f G Ö*{V,,M), i.e. r* is a cochain 
map and even an isomorphism. Thus the corresponding cohomology groups 
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are isomorphic and this isomorphism passes to the limit. Therefore the twisted 
Cech groups H"{B,M, [g]) are well defined for the class [g] e H^(ß, S) up to 
the considered isomorphism. 

We now consider the relation between pairs and twisted Cech cohomology. 
One should note at this point that, just as in the untwisted case, the first Cech 
"group" [B, M, g) is a well-defined set even in case the sheaf M is just a sheaf 
of groups and not necessarily abelian. In that case the additive (commutative) 
relation of being cohomologous ^ + {ägt])ji is replaced by the multiplica- 
tive relation ~ rij\u,. ■ gji V^^lu^, for ^ E Z\U„M,g),i] E CO(U.,M). 
The next proposition is then just a reformulation of what we already observed 
in Proposition l2.2l 

Proposition 2.3 Let B be a base space. Lei M be the sheaf of topological groups 
on B defined by M(ü) := C(!J,Map(G/N,PU(5{))), and let g := G/N , i.e. 
G/N {U) := CiU,G/N),for U C B. G/N acts on M in the obvious way, i.e. 
by translation in the arguments. Then the first twisted cohomology classifies pairs 
over B, i.e. we have a bijection 

H\B,M,g) = Par{E,B), 
ifthe class [g] E W{B,G_/N) is the class for the bündle E. 

Proof : Let g , ^ be the transition functions of a pair over B for an atlas U». So 
g E Z^{U,, G/N ), and the crucial point is to observe that equation ^ is equiv- 
alent to Sgl, = 1 and therefore each pair defines an element in H^(ß, M,^). In 
fact, this is well defined, because if g' , ^' are transition fimctions for another 
atlas then (after choosing a common refinement) the two classes match imder 
the isomorphism r*, i.e. r*^' is cohomologous to ^. Similarly, an isomorphism 
of pairs leads to cohomologous cocycles. Conversely, any ^ E LT«, M, g) 
defines an associated pair, and if ^ E (V., M, g) defines the same class as 
then the two associated pairs are isomorphic. Since each class arises in such a 
way the assertion is proven. ■ 

Let g. be the transition functions of a pair over B. Since G/N is com- 
pact and ß paracompact we can apply Lemma IA.7I and Lemma IA.8I for the 
family of transition functions : Ujj Map(G/N,PU(J{). Le. we can find 
a refined atlas {V]^\k E K := I x B}, Vj- c LZ,- if A; = {i,x), such that on its 
twofold intersections 14; the restricted transition functions lift to continuous 
functions ^j.; : Vj-; — > Bor(G/N,U(J{)). These lifts are unique up to contin- 
uous fimctions VJ^; — > Bor(G/N,U(l)). Let us denote by g^- the restriction 
gjiWi,. ir» case / = {j,y),k = (z, x) E I x B. On threefold intersections the 
function Vj-Zm 3 u i-^ ^kl{^){Slm{u) + -) won't be continuos as a function to 
Bor(G/N,U(3{)) in general, but it wUl as a function tcEl L~(G/N,U(J{)). So 

5L~(G/IV,U(:K)) has the weak topology. See equation (5lJ in sectionFOl 
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equation l|6ll implies that there are continuous xpmik ■ V„iik — > L°°(G/N,U(1)) 
such that 

and it foUows that ög^ = 1. The functions therefore define a twisted Cech 
2-cocyde 1/7... e L°°(G/N,U(l)) ,g). 

Proposition 2.4 The construction ofip,„ defines a homomorphism ofgroups 

Par{E,B) H^jB, L°°(G/Af,U(l)) ,g) 
if [g] e H^{B, G/N ) is the class of the bündle E ^ B. 

Proof : We must check that the class [ip...] is independent of all choices. In fact, 
if f and ^y, are different choices of lifts of f y/, they differ by a scalar function 

Sji = Cji^^'ji ^rid ipSgS is the cocycle obtained from ^'jj, so the class [ip] is not 
effected. It is also easy that the class does not change iinder the choice of the 
atlas or by considering a pair stably isomorphic to the first one. ■ 

We do not achieve the Statement that the above homomorphism is injective 
or surjective, so we are far from classifying pairs by this map. 

2.4 Dynamical Triples and their Local Structure 

Let P — > E — > ß be a pair. The quotient map G 3 g i-^ gN E G/N induces a G 
action on E. 

Definition 2.3 A decker is just a continuous action p : P x G ^ P that lifts the 
induced G-action on E such that p{ . ,g) : P ^ P is a bündle automorphism, for all 

geG. 

The existence of deckers can be a very restrictive condition on the bündle 
P — > E. (See e.g. Prop. l2.6l below.) In fact, they need not exist and need not to 
be unique in general, but the play a central röle in what follows, therefore we 
introduced an extra name. 

In context of C*-dynamical Systems, i.e. C*-algebras with (strongly contin- 
uous) group actions, concretely, in context of the equivariant Brauer group sev- 
eral notions of equivalence of actions occur |CKRW|. In particular, the notions 
of isomorphic actions, stably isomorphic actions and exterior equivalent ac- 
tions are combined to the notion of stably outer conjugate actions. We slightly 
modify these notion for our purposes. However, we postpone the definition 
until we made ourselves familiär with the local structure of dynamical triples. 

Definition 2.4 A dynamical triple {p, P, E) over B is a pair (P, E) over B together 
with a decker p : P x G ^ P. 
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Let {p, P,E)hea dynamical tripel over ß. 

Proposition 2.5 i) lfwedefinep'^{g) := p{ . ,g) : P P , we ohtain a diagram 
of topolgical groups 

^G/N ^0 (8) 



P In 



1 *- Auto(P, E) ^ Auti (P, E) ^ G/N ^ 0. 

Conversely, if B is locally compact then a commutative diagram © defines a 
decker. 

ii) Locally, i.e. afler choosing charts Uj, a decker defines a family of continuous 
cocycles pi : Ui — > Zl^^^{G,Map{G/N,F\J{^))) such that on twofold inter- 
sections Uij 3 u the transition functions of the pair and the cocycles are related 
hy 

Pr{u){g,z) = ^ji{u){z + gN)-^ pjiu)ig,gji{u)+z) Qr{u)iz). (9) 

Conversely, any family of cocycles {pi}i^i that fulfils eq. © determines a 
unique decker. 

Proof : i) The origin of the diagram is obvious. For the converse, it is suf- 
ficient to prove the result locally because the action of G on F preserves 
Charts. Explicitly, over a chart (LI,, A:/,/z,) the action of ^ G G is 

h*{<p{g)) -UiX G/N X PUCK) Li; X G/N X PU(M). 

{u,z,U) ^ {u,gN + z,p'/{g){u,z)U) 

If ß is locally compact the exponential law (Lemma IA.4I I ensures that all 
fimctions p'j : {u,g,z) p'-'{g){u,z) are jointly continuous. 

ff) Locally, Lemma IA.4I ensures that the transposed functions pi : LT/ — > 
Map(G X G/N, PU(J{)) made out of p'^ are well defined. The cocycle 
condition 

Pi{u)ig + h,z) = pi{u){g,z + hN) pi{u){h,z) 
and the validity of lO are immediate as well as the converse statement. 



It should be mentioned at this point that equation ||9ll (and its unitary Ver- 
sion we consider later) is quite powerful as turns out. A first application is 
given in the next proposition. It is a complete answer to the existence of deck- 
ers in the case of N = 0, i.e. G = G/N. The result is well-known, but we state 
a proof using ^ for the convenience of the reader. 
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Proposition 2.6 Assume N = and Jet P ^ E ^ Bbea pair. Then a decker exists 
ifand only ifP ^ p*P'for a V\J{'K)-hundle P' B. 

Proof :lf P p*P' for some PU(J{)-bundle P' ^ ß we obtain a decker by 
acting on the first entry of the fibered product p*P' = E x g P'. 

Conversely, if a decker is given then we define a family : Uji — > PU(J{) 

hy ^'-{u) := j.ij{u){gji{u),0)^^ ^ji{u){0), for u E Up C ß. This is well defined 
since G = G/N. 

Claim 1 : are transition functions for a PU(Jf)-bundle P' — > ß. 

Proof : Let M e n Uj n U^. Then 



Claim 2 : P ^ p*P'. 
Proof : The bündle q' : p*P' E has transition functions 



p%'p : p-\Uij) = U,j X G/N 3 {u,z) ^ CjM- 
We define an isomorphism f : P ^ p*P' locally /, := by 



P^q-\p-\Ui) A q'-\p-\Ui))cip*P' 

i= i = 

Ui X G/N X U(?{) — ^ ü/ X G/N X U(J{) 

(m,z,!J) I — > (M,z,^,(M)(z,0)"^iJ). 

This is in fact a well defined global isomorphism since form eq. ^ it foUows 
for G = G/N and u e U,- n U^- 

^i;(")(z,0)-i = Q,iu){0)-' pijiu){z,gjiiu))-' ^j,iu){z) 

= Cpiu)-' Hj{u){z + gp{u),0)-^ 

Thus the local definition of / is tndependent of the chosen chart. ■ 
We now introduce the notions of equivalence we mentioned earlier. 
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Definition 2.5 Tivo deckers p,p' : G x P ^ P on a pair (P, E) are called exterior 
äquivalent ifthe continuous function c : P x G ^ P which is defined by p{. , —g) o 
p' { . , g) = c{ . , g) : P ^ P, for g & G, is locally of the following form: There 
exists an atlas U, such thatfor euch chart {Ui,ki,hi) there is a continuous map C; : 
UjXGxG/N—> U(!K) which satisfies the three conditions^ 

(EO) {h7^oc{_,g)ohi){u,z,U) = {u,z,Ad{ci{u,g,z))U) E U,- x G/N x PU(J{), 

(El) Cj{u,g,gji{u) +z)= ^j,{u){z){ciiu,g,z)) e U(Jf) and 

(E2) Ci{u,h+g,z) = m{u){g,z)-\ci{u,h,z + gN)) Ci{u,g,z) e U(M), 

for the transition functions gji, of the pair and the cocycles fij of the decker p as 
ahove. 

It is clear that, if one has given a family of continuous unitary functions {c;} 
which satisfies (EO), (El) and (E2) for the cocycles {^,} of a decker p, the family 
of cocycles 

¥'i{u){g,z) ■- m{u){g,z) Ad{ci{u,g,z)) 

defines an exterior equivalent decker p' to p. 

Let c'^ : G —> Auto (P,E) be defined by c'^{g) := c{ . ,g). It satisfies the 
cocycle condition 

c^g + h)=c^g)-p^h)c^h), 

where ■ is the right action of Auti (P,E) on Auto(P, E) given by conjugation. 
This right action lifts to the sections r(E, P Xpu(;K) U(3^)) of the to P associated 
U(3^)-bundle in the following diagram, i.e. the vertical map is Auti(P, E)- 
equivariant, 

- ' ' -r(E,Pxpu(:K)U(J{)) 

^ ^ " ÖAuti(P,£) 

G ^ Auto(P, E) r(E,P xpu(jc) PU(J{)), 

Therein the associated bundles are both obtained by the the conjugate action 
of PU(J{) on the respective groups. Now, conditions (EO) - (E2) imply that we 
canlift c"^ to a unitary cocycle c'^ : G — > r(E,P Xpu(:K) U(?^))/ i-e- 

7^{g + h)=7^{g)-p^{h)c^{h) 

Sitnilar to Prop osition 12 . 5 1 this global Statement is an equivalent formulation of 
exterior equivalence if the base B is locally compact. 

Proposition 2.7 Let B be locally compact, and let p and p' be deckers on a pair 
(P, E). These two deckers are exterior equivalent ifand only ifc'^ as defined above lifts 
to a unitary cocycle c'^. 

*Here and in what foUows we will always use the notation ^(c),^ S PU(CK),c e U(3<), for the 
action of PU(3<) on U(3<) by conjugation. 
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We do not give a detailed proof of this fact, it is again just an application of 
the exponential law for locally compact Spaces. 

The next Statement gives an important example of exterior equivalent deck- 
ers. 

Example 2.1 Let phe a decker on an arbitrary pair {P, E), and let v : P ^ P be a 
bündle automorphism. Then the conjugate decker is exterior equivalent to p ifthe 
class [v] e H^(E, U(l)) of the automorphism vanishes. 

Proof : Let us denote by /<, the cocycles of the decker p which satisfy l|9| on 
a chosen atlas {LZjj/g/. Because the class of v vanishes, we can assume with- 
out restriction that it is locally implemented by unitary functions : II, 
Map(G/N,U(5{)) suchthat ^y/(M)(z)(ü,-(M)(z)) = Vj{u){gjj{u) + z). 
Locally, -g) o p^'{.,g) is givenby 

Mu){-g,z + gN)Ad{v,{u){z + gN})Mu){g,z)Ad{vi{u){z)-^) 
= m{u){g,z)-'^Ad{vi{u){z + gN))}iiiu){g,z)Ad{vi{u){zy^) 
= Ad{ci{u,g,z)), 

iovCi{u,g,z) := }ii{u){g,zy^{vi{u){z + gN)) Vi{u){z)~'^ e U(J{). So condi- 
tion (EO) is satisfied. We check that the conditions (El) and (E2) also holds. In 
fact, 

Qi{u){z){ci{u,g,z)) 
= Q,{u){z)(^m{u){g + h,zr^){vi{u){z + gN + hN)) v,{u){zr^) 

= ?/;(M)(g,g;,M+z)-i(0,(")(z + ^N)(i;,(w)(z + gN)))^^,(M)(z)(i',(")(z)) 

'''=^ <:j{u){g,gji{u)+z) 
which proves (El), and 
Ci{u,g + h,z) 

= m{u){g + h,z)-^Vi(u)(z + gN + hN)) v,{u){z)-^ 

= jii{u){g,z)-^[jiiiu)ih,z + gN)-\v,{u){z + gN + hN))) v,{u)izy^ 

- Mu)ig,z)-'[miu)iKz + gN)-\v,{u){z + gN + hN))vi{u)iz + gN)) 
m{u){g,z)-\vi{u){z + gN)) v^{u){z)-^ 
which proves (E2). ■ 

Between two dynamical triples we introduce a notion of equivalence based 
on exterior equivalence. 

Two dynamical triples {p,P,E) and {p',P',E') are isomorphic if there is 
a morphism {(p,ß,6) of the underlying pairs such that p = ß*p'. The triples 
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are outer conjugate if there is a morphism {(p,-d,6) of the underlying pairs 
such that p and i}*p' are exterior equivalent on (P, E). Furthermore, we call the 
triples stably isomorphic (respectively stably outer conjugate) if the triples 

(1 Cx) p, PU(IK) (g) P, E) and (1 (g) p', PU(?{) (g) P', E') are isomorphic (resp. outer 
conjugate). 

We can arrange these notions in a diagram of implications. 



isomorphism outer conjugation 

of dyn. triples of dyn. triples 



Stahle isomorphism stable outer conjugation 

of dyn. triples of dyn. triples 



The foUowing example shall illustrate an important feature of the notion of 
stably outer conjugation. 

Example 2.2 Let {p,P,E) be a dynamical triple, and let Ag : G — > U(L^(G)) be 
the leß regulär representation ofG. Then the two triples {p, P, E) and ((Ad o A^) (g) 
p,PU(L-^(G)) (g) P, E) are stably outer conjugate. 

Proof : The triple {p,P,E) and its stabilisation (l (g) p,PlJ{L^{G)) (g P,E) are 
stably isomorphic and the triples (1 (g jO,PU(L^(G)) (g P,E) and (Ad o Ag (g 
p, PU(L^ (G) ) (g) P, E) are exterior eqmvalent by c, (m, ^, z) :— A^ (g) (g) 1 j^;. ■ 

By Dyn we denote the set valued functor that sends a base space B to the 
set of equivalence classes of stably outer conjugate dynamical triples over it, 
i.e. 

Dyn(ß) := {dynamical triples over ß} / ^ , , 

J y ' <- J r > I stable outer conj. 

In the same manner as we did for the fimctor Par we can fix a bimdle £ — > ß 
and define 

Dyn (E, B) := {dynamical triples over ß with fixed E}/ ^ ^ ... 

J \ ' I ^ j r i I Stahle outer conj. over idg 

Isomorphic bundles E, E' lead to isomorphic sets Dyn(E, ß) = Dyn(E', ß), and 
the bündle automorphisms AutB(E) act on Dyn(E, ß) by pullback. This yields 
a decomposition D5m(ß) ^ U[E](Dyn(E,ß)/AutB(E)). 

Our next goal is to find the link between dynamical triples and the co- 
homology theory we introduce now. Let M" be the abelian sheaf on ß de- 
finedby M"(!J) := C(U,Bor(G^",L~(G/N,U(l)))), for n = 0,1,2,.... Let 
ü. = { Ui I z e 1} be an open cover of ß and let g e ( ü., G/N ) . Note that M" 
is a right G/N -module, for all n = 0, 1, 2, ... , by shifting the G/N-variable. We 



28 



consider the the double complex 



C2(Ü.,M°) — ^ C^{U„M^) — ^ C2(!J.,m2) 



dt 



Ci(U.,M°) ^^Ci(!J.,Mi) -^C1(!J.,M2 



CO(ü.,MO) cO(!i.,Mi) CO(!J.,m2) 



wherein the horizontal arrows are induced by the boundary Operator d : 
Bor ( G ^",L~(G/N,U(l)))^Bor(G^"+i,L~(G/N,U(l)))of group cohorriol- 
og}ljby acting point-wise on functions and the vertical arrows Sg are the twisted 
Cech coboimdary Operators. In fact, all of the Squares are commutative, hence 
we obtain a resulting total complex (C*ot(U,, M*),3g), i.e. 



,{U.,M') 



( — define a cochain com- 



plex. The choice of the sign in 3^ will be convenient. By H'^j ( U,, M*, g) we de- 
note the corresponding cohomology groups, and by passing to the limit over 
all refinements of the open covering LT, we obtain 

Ht*ot(ß,M*,g) := lunvMV„M\g). 

We call this group the total cohomology of ß with twist g. In the same manner 
as explained on page |2T] the limit does not depend on the covering LT, and is 
independent of the choice of the refinement maps. 

It is also similar to the discussion on twisted Cech cohomology that the to- 
tal cohomology groups are well defined objects for the class [g] of a cocycle g 
up to an isomorphism. 



The connexion of dynamical triples and total cohomology has its origin in 
the local structure of triples as we explain now. Let {p,P,E) be a dynamical 
triple. Let LI, = {Uj\i E 1} be an atlas for the underlying pair with transition 
functions gjj, and continuous cocycles //, as in Proposition 12.51 One should 
realise at this point that when we suppress the non-commutativity of PU(IK) 
for a moment the equations = t,d(ßi{u)) = 1 and equation ||9]l are equiv- 
alent to f ) ~ 1- ^^^^ transition fimctions and the cocycles to Borel 

functions. This will define a 2-cocycle for the total cohomology of ß; in detail: 
Without restriction (see equation ||7jl) we can assume that the atlas is chosen 
such that the transition functions can be lifted continuously to Borel valued 

^SeeEä] 
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functions they define a twisted Cech 2-cocyde Sgl, =: ip,„ e C^{U,,MP). 
Further we can assume (if necessary we refine the atlas once more) that all 
Charts are contractible. Therefore we can apply Corollary lA.2l to each of the }ii 
and obtain continuous functions : LI, — > Bor(G x G/N, U(?{)) lifting for 
allz e I. By LemmaE21we can also pass to : ü/ Bor(G, L~(G/N,U(Jf))) 
which is important to as L°°(G/N, U(!K)) is a continuous G/N-module. From 
the cocycle identity d{}ii{u)) = 1 we see that d(f7,(M)) =: a;,(M) defines a group 
cohomology 2-cocycle co, e C'^((i„M^). On twofold intersections we can de- 
fine 4>ji{u){g,z) := }i-{u){g,z)lji{u){zy^-ßj{u){g,gji{u) + z)-^lji{u){z + gN) 

which is due to equation © U(l)-valued, i.e. (p„ E C^{U,, M^). Now, the three 
families of fxinctions ^...,(p.. and o; satisfy the algebraic relations 

Sgxp = 1 

SgCp = d^ip 

d^(p = SgLO 

difLü = 1 



which is equivalent to 

dg{^p...,(p..,cv) = e Ct3„t(!J.,M'), (10) 

i.e. {ip...,(p..,cü.) is a total 2-cocycle. Of course, one can verify this by direct 
computation, but indeed it is implicitly clear, because, informall}13, we have 
defined iip...,(p..,cv,) := dg{l ,Ji ) e C^J{U„M*). 

Proposition 2.8 The assignment {p,P,E) {ip_,(p„,cü,) constructed above de- 
fines a homomorphism ofgroups 

Dyn{E,B)^Hl,iB,M\g..). 

Proof : We must check that the defined total cohomology class is independent 
of all choices. This is simple to verify for the choice of the atlas, and the choice 
of the lifts of the transition functions and cocycles. As stably isomorphic pairs 
have the same local description, it is also clear that stably isomorphic pairs 
define the same total cohomology class. In detail we give the calculation that 
exterior equivalent triples define the same class: 

Let p and p' be exterior equivalent deckers on (P, E). Let c, : LI, x G x 
G/N \J{Di) be such that (EO), (El) and (E2) of Defintion |231 are satisfied. 
If Hi and are the cocycles for the deckers, they both satisfy lO for the same 
family of transition functions [jj. They are related by = (Ad o c,), and 
if is a lift for fi,, then ^ ■ := c,- defines a lift for fi-. Let {ip...,cp„,Lü,) be the 



i.e. up to the non-comutativity of U(3<) 
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cocycle obtained from {^ß, fi-). Then we have 

%iu)ih + g,z) 
= 'ßi{u){h + g,z)ci{u,h + g,z) 

= ¥i{u){h,z + g'N)Jii{u){h,z) Ci{u,h + g,z) cOi{u){g,h,z) 

= ^^{u){h,z + gN)^^{u){g,z)^i{u){g,z)-^{ci{u,h,z + gN)) Ci{g,z) Lüi{u){g,h,z) 
= Fi{u){h, z + gN) Ci[u, h,z + gN) Ji-{u) {g, z) c,-(g, z) a;,'(u) {g, h, z) 
= ¥'i{u) {h, z + gN) %{u) {g, z) Wi{u) {g, h, z), 

so co'- = Lüj, and 

¥'iiu){g,z) 
= ¥i{u){g,z)ci{u,g,z) 

= ljM{z + gN)-^}lj{u){g,gji{u)+z)lji{u){z) Ci{u,g,z) (pji{u){g,z) 

= ^ji{u){z + gN)-^-fij{u){g,gji{u) +z)Cj{u,g,gji{u) +z) ^j^{u){z)(pji{u){g,z) 

= r;7(")(z + gN)-l?7;(")(^.^;7(") +Z)r^',(")(2)<?';,(")(^.z). 

so (p'ji = 4>ji. m 

2.5 Dual Pairs and Triples 

Of course, the whole discussion we made so far for {G,N) can be done for 
(G, N-^). I.e. we can replace G by its dual group G := Hom(G, U(l)) and N by 
the annihilator := {xIxIn = 1} C G of N everywhere. This is meaningful 
as G is second countable, is discrete and G / compact (see lA.l|l . 

Definition 2.6 Let Bbea base space. 

i) A dual pair [P, E) over B with underlying Hilbert space IK is a sequence P 

E —)■ B, wherein E ^ B is a G/N-^-principal fibre bundel and P ^ E a 
'P\]{'K)-principal fibre bündle, such that the latter bündle is already trivial over 
thefibres ofE B. 

ii) A dual decket p is an action p : P x G ^ P that lifts the induced G action 
on E and p{-,x) : P ^ P is a bündle isomorphisms for all X & G. 

iii) A dual dynamical triple {p, P, E) over B is a pair (P, E) over B equipped with 
a dual decker p 

It is clear now how we define Par(ß), Par(£, ß), Dyn(ß), Dyn(E, ß) and 
how all Statements we have achieved so far translate to dual pairs and triples. 
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2.6 Topological Triples 

We introduce topological triples built out of a pair and a dual one. They were 
introduced first in |BRS| under the name T-duality triples in the special case 
G = R", N = Z. Our definition won't be exactly the same as in BBRSI - we 
cormnent on this in section |33l 

There is a canonical U(l)-principal fibre bündle over G/N x G/N-^ which is 
called Poincare bündle. We recall its definition. Let 

Q:= (G/NxGxU(1))/N\ (11) 

where the action of N-^ is defined by {z,x,t) ■ := {z,x + n-^,t {n-^,z)^^). 
Then the obvious map Q G/N X G/N-L is a U(l)-principal fibre bimdle. 
Indeed, U(l) acts freely and transitive in each fibre by multiplication in the 
third component and local sections of Q^G/NxG/ are given by G / N x 
V„ 3 (z, z) H- > [(z, Sfl(z), 1)] E O, where, by Lemma lA.li s„ : V„ — > G is a family 
of local sections of the N^-principal bündle G — > G/ N-^, ¥„ c G/N-^. On the 
overlap G/N x V^f, two such sections are related by 

[(z,s„(z),l)] = [(z,s„(z)-«j,(z),l)] 
= [(z,s,(z),(n^(z),z))] 
= [(z,Sb(z),l)]-(n^(f),z>, 
wherein n jj, (z) := — s« (z) + sj, (z) which defines a family of transition functions 
^ih '■ ^ab ~^ for the bimdle G G/N-^. Thus we have found that v^^ : 
G/N X V^}, — > U(l) defined by yj^(z, z) := {n^j^{z),z) are transition functions 
for the bündle Q. 

Dually there is a second U(l)-bundle R := {G x G/N^ x U(l))/N 
G/N X G/N^ which has transition functions Vcd ■ V^cd x G/N^ U(l) de- 
fined by Vcd(z,z) := (z, ncd(z)) for an open cover {W«} of G/N and transition 
functions «cd : ^cd ^ N ofG ^ G/N. 

We denote the Cech classes inHi(G/Nx G/N^, U(l)) which these bun- 
dles define by [Q] and [R] . 

Definition 2.7 The class n := — [Q] constucted above is called the Poincare class 

ofG/N X G/N^. 

Of course, in this definition we made a choice, but up to a sign there is none. 

Lemma 2.2 [Q] and [R] are inverses ofeach other, i.e. [Q\ + [R] = e H^{G/N x 
G/N^,U{1)). 

Proof : We have to show that {v^d : W^^l ^ ^ah ~' ^{'^)}{a,c),{b,d) a Cech 
coboundary. Let s« : — > G and Sc : Wc ^ G be families of local sections such 
that riaiiz) = — Sc(z) + Srf(z) and = — Sfl(z) + Sf,(z). We show that 

{VcdV^b ■■ Wcd X ^ Vil)} ^a,cUb,d) = ö{{{s,{..),Sc{.)) -.WcXVa^ U(l)}(„,,)), 
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wherin S is the usual Cech coboundary Operator. It is (z, «^^(z)) = (s« (z), ncd{z)) 
and (njj,(z),z) = (/ijjj(z),Srf(z)), because «^^(z) e Nand«jjj(z) e N^; therein 
the right hand side is the pairing G x G ^ U(l). Thus 

(s«(z),ncd(z))(«jb(z),Sd(z)) 

(Sfl(z),-Sc(z) +Sd(z))(-Sfl(z) +Sfc(z),Sd(z)) 
(Sb(z),Srf(z))(Sfl(z),Sc(z))"^ 

which proves the lemma. ■ 

We now turn to the definition of topological triples. Let P ^ E ^ ß be a 
pair and let P — > E — > ß be a dual pair with same underlying Hilbert Space "K. 
We consider the foUowing diagram of Cartesian Squares 




Assume that there is a PU(!K) -bündle isomorphism k: EXßP^PXßE which 
fits into the above diagram (121 1, i.e. it fixes its base E x g E. Let us choose a chart 
LT; C ß common for the pair and the dual pair and trivialise ((T2) l locally. For 
each u E Ui this induces an automorphism K/(m) of the trivial PU( J{)-bundle 
Over G/N x G/N^, 

G/N X G/N-L X PU(M) G/N x G/N^ x PU(M) 

G/N X G/N^ ^ = G/N X G/N^. 

This automorphism defines a Cech class [k,(m)] e H^{G/N x G/]V-'-,U(l)) 
(cp. Therem lA.ll l. 

Definition 2.8 We say k satisfies the Poincare condition iffor each chart U, and 
each u e JJ,- the equality [k; (w)] = ti+ p'^a + holds,for the Poincare class n and 
someclassesa e {G / N ,U {!)) and b e H'^{G/N^,\J{1)). Here pi,p2 are the 
projections from G/N x G/N^ on thefirst and second factor. 
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Note that in this definition the classes a, b are just of minor importance. 
They are manifestations of the freedom to choose another atlas as they vary 
under the change of the local trivialisations. In fact, one can always modify the 
local trivialisations of the given atlas such that a and b vanish. 

Definition 2.9 A topological triple {^k,{P,E),{P,E)^ over B is a pair (P, E) 
and dual pair (P, E) over B (with same underlying Hilbert space 3{) together ivith a 
commutative diagram 

PxbE^ EXßP (13) 




B, 



wherein all Squares are Cartesian and k is an isomorphism that satisfies the Poincare 
condition. 

We call two topological triples {k, (P, E), (P, E)) and {k', (P', E'), (P', E')) 
(with iinderlying Hilbert Spaces Ji, "K' respectively) equivalent if there is a 
morphisms of pairs {q),d,6) from (P, E) to {P',E') and a morphism of dual 
pairs {p, ß, 6) from (P, E) to (P', E') such that the induced diagram 

PxbE^ ExßP (14) 

cp*P' xg E' E' Xß f*P' 

is commutative up to homotopy, i.e. the Cech class of the bündle automor- 
phism (ö Xg !?)~^ o k'~^ o (i? Xg ö) o k in H^(E Xß P,U(1)) vanishes. The triples 
are called stably equivalent if the stabilised triples (l k, (P:Ki/ E)/ (f'^Cj/ E)) 
and (l (E) k', (P^^, E'), (P^^, E')) are equivalent for some separable Hilbert space 
Jfi. The meaning of the index JCi is stabilisation as in equation l|4|. Stahle 
equivalence will be the right choice of equivalence for us, and we introduce 
the set valued functor Top which associates to a base space ß the set of stable 
eqmvalence classes of topological triples, i.e. 

Top(ß) := {topological triples over ß} / ^ , , . , 

r ' Lro r J / stable equivalence 
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If we choose a G/N-bundle E — > ß we can consider all the topological triples 
with this bündle fixed and those stable equivalences for which the identity over 
E can be extendend to a morphisms of the underlying pairs. We define 

Top(E, ß) := (topological triples with fixed £ ^ ß}/ ^ . , . , . 

r \ ' / r o r j / stable equivalence over idj 

The automorphisms Autß(E) of E over the identity of ß act on Top(E, ß) by 
pullback, and there is a correspondence Top(ß) = U[e] (Top(E, ß)/Autß(E)). 

Remark 2.4 We already stated in Remark \Ll\ that our notion of topological triples 
in the aase ofG = M", N = Z" and the notion ofT-duality triples asfound in iIßRSIf 
do not agree. Nevertheless the tivo notions lead to the same isomorphism classes, but 
we postpone this clarification to section [33\ Lemma \3J\ 

By definition, the Poincare class n has a geometric Interpretation in terms 
of the Poincare bündle (TTT l. For our purposes it will be important that we can 
give an analytical description of n. 

Lemma 2.3 Choose a Borel section er : G/N G and an arbitrary section a : 
G/N^ G of the corresponding quotient maps. Then 

i) thema^ 

-.G/N xG/N^ PU(L^(G/JV)®5{) 

(z,z) ^ Ad{ {ajz), cr{. - z) - (7{_)) m:K) 

'*'^^^^^^^^^^"S/' ^^^^^^^ 

=:ie{z,z) E L~(G/N,U(1)) 

is continuous and independent ofthe choice of a. Therefore it defines (a bündle 
isomorphism of the trivial PU ( ( G / N, J{) )-bundle and) a class 

[k'"] e H^{G/N X G/N\ U(1) ), 
and this class is independent ofthe choice ofcr; 

ii) [k''] = TT. 

Proof : f ) Firstly, we observe that G 3 G U(L£(G/N)) is (strongly) 

continuous. In fact, the sequential continuity of this mapFl follows by domi- 
nated convergence. Therefore the composition 

{z,x) ^ X^^^{z)o{x,cr{.))o\^^^{-z)o{x,-o-{-)) 
= {X,cr{_-z)-cr{_)) 

is continous. Here A^^,^ is the left regulär representation, i.e. Xg/n{z)P{x) '■ = 
F{-z + x),F e L^{G/N). Now, if n^ e we obtain {n^,o-{_-z) - a{_)) = 

'An element / = /(_) G L°°(G/N,U(1)) is a multiplication Operator on the Hilbert space 
Ü-{G/N), see sectionlA31 
G is first countable. 



35 



(n-L,£7-(-z)) e U(l) C U(L2(G/N),becausethedifference£r(-z) - {(t{.-z) - 
(/(_)) is in N. Thus {z,x) i— > Ad{{x,o-{- — z) — cr{^)) factors through the quo- 
tient map G/N x G G/N x G/N-^ which establishes k*^ as stated above. 
To See that the class of k"^ is independent of er it is sufficient to recognise that 
k", defined by the same formula as k'^, is unitary implemented for any Borel 
fixnction n : G/N N. But this is the case, for {z,x) ^ iX' ~ z) — G 
U{L^{G/N)) is continuous and factors through the quotient G/N x G/N-^. 

ii) Let G/N-^ D V« G be a family of local sections, so S{,(z) — Sa{z) =: 
n-^l,{z) e N^ defines a set of transition functions. Let Wa :— G/N x Va, then 
Ka :Wa3 {z,z) ^ {s a{z) , a {. - z) - cr{_)) E \J{L^{G/N)) defines locally a con- 
tinuous unitary lift of k'^. Therefore, on twofold intersections Wf,« 3 (z,z) we 
have K;,(z,z)Ka(z,z)~^ —: Kab{z,z) e U(l), and the class of k'^ is by definition 
the class [k. .] of the cocycle k... We obtain 

Kj,(z,z)Ka(z,z)"^ = (Si,(z) -S«(z),cr(_-z) -cr(_)) 

= (nj-,(z),cr(_-z)-cr(_)) 

= {nj,{zUi-z)) 

= (nj|,(z),z)-ieU(l), 

wherein the last equality identifies N-^ with G/N. Therefore the class of k'^ 
coincides with the negative of the class of the bündle Q. ■ 

Of course, the Situation is Symmetrie and there is an analogous Statement 
involving the class of bündle R. In that case, if we replace everything by its 
dual counterpart, we deal with the fimction 

: G/N X G/N^ F\JiL^{G/N^) (g) J{) (15) 

(z,z) ^ Ad{{a{..-z) -&{..), a{z))m:K) 

=:r(z,z) eL~(G/N\U(l)) 

with a Borel section & : G/N-^ G. 

Lemma 2.4 The class of is the negative of the Poincare class, i.e. n — \k'^\ — 
Proof : We show that (z,z) k'^(z,z) ® k^{z,z) is already unitarily imple- 
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mented. Indeed, 

k''(z,z)(8)k^(z,z) 

= Admz),a{.-z) - a{.)) - z) - 

= Ad((^(z),(7(. - Z) - C7(.) + C7(Z)) (.7(.. - Z) - 

= Ad((-^(.. - z) + ^(..),cr(_- z) - a{.) + a{z)) - z) - ^(..),<r(z))) 
= Ad((-<7(..-z)+<r(..),<-z)-c7(.))) 

= Ad(Ag^^^(z)A^,^(z)(-^(..),cr(.)))A.^^^(-z)(^(..),cr(_)))A^,^(-z) 
Ag^^,(z)(-^(..),-cr(_)))Ag^^,(-z)(^(..),-cr(_))) 

e pu(l2(g/n, (g) l2(g/n-l, ?{)). 

The argument of Ad is a continuous, unitary expression, since the left regulär 
representations Ag^^j^ and A^^j^ are (strongly) continuous. ■ 
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3 T-Duality 



In the last sections we have introduced our main objects (dynamical and topo- 
logical triples). In the following sections we Single out specific subclasses of 
those and show that they are related to each other. In addition, we show that 
their relations are precisely those which are obtained from the associated C*- 
dynamical picture. Most part of this C*-algebraic structure been observed in 
context of continuous trace algebras alone in [RR. Thm 2.2, Cor. 2.5], [OR. Cor. 
2.1] and more recent in IIMRI Thm. 3.1] with applications to T-duality. 

However, we establish a different approach by use of the local structure of 
the underlying objects. In particular, we do not need any assumption about 
local compactness of the underlying spaces. If we assume our base Spaces B to 
be locally compact, then the bundles E, E over B will be locally compact and 
spectra of the involved continuous trace algebras; but the proof we present is 
independent of such an assumption. Moreover, it has the advantage of being 
explicit enough to point out the connexion between the C*-algebraic approach 
and the topological approach to T-duality. 

Notation: In several proofs of the following sections we have to check the 
validity of local identities. All of these are straight forward computations in 
general, but to keep the formulas readable we drop the base variable u E B. 
E.g. an identity like 

Qi{u){z + gN) iii{u){g,z) = }ij{u){g,gji{u)+z) Qi{u){z) 

becomes 

^ji{z + gN) m{g,z) = mig,gji + z) Qi{z). 
We indicate this with the label ® before any of these computations. 

3.1 The Duality Theory of Dynamical Triples 

We Start with the definition of an important subclass of dynamical triples. 

Definition 3.1 A dynamical triple is called dualisable ifits associated total coho- 
mology class (Proposition \2.8i is oftheform [ip...,cp„,cü, = d^v], i.e. the pair permits 
a sufficiently refined atlas such that co, is in the image ofthe boundary Operator d*. 

Let US denote the set of dualisable dynamical triples over B by Dyn+(ß), 

respectively Dyn^(E, ß) for fixed E. Similarly, Djm (ß) and Dyn (E, ß) are 
the sets of dualisable dual dynamical triples. We are going to present a con- 
struction that associates to a dualisable dynamical triple x a dual dualisable 
dynamical triple x. This construction will be an honest map on the level of 
equivalence classes, and there it turns out to be involutive, i.e. [x] — \x\. 

Let (|0, P, E) be a dualisable dynamical triple over ß. Choose a sufficiently re- 
fined atlas {U-i\i G /} in the sense that the transition functions and cocycles 
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jii lift continuously to and /I- . Then let {ip...,(p..,co,) be the associated 2- 
cocycle. Since the triple is dualisable, we can assume that cv, is in the image of 
d*, let cv, :— We can modify by multiplying with i/r^. Therefore we can 
assume without restriction that d{Ji-{u)) = 1 and coi = 1, for all i e I,u E U,-. 
Jii is then iinique up to a function ü,- Z^„^(G, L~(G/N,U(1))). 

We are going to define a set of transition functions 

äij := gjj X Cij ■■ Uji G/N^ t< Map{G/N^,FU{L^{G/N) ® 

for a dual pair. The vanishingofo^.implies that (/'^(m) G Z^^j.{G,L°°{G/N;lJ{l))), 
for all M. This teils us® 

(t>ij{g,hN + .)(Pij{h,.) = <pij{g + h,.) 

- cp,j{h,gN + _) cPijig,.) e L~(G/N,U(1)) 

which implies for g = n e N and all hN G G/N that (pj^i{u){n,hN + — 
<pkl{u)in,-) holds, hence (p]ci{u){n,S) G L°°(G/N,U(1)) is a constant. Further, 
n 1-^ (pki(ii){n,_) is a homomorphism and continuous as N is discrete. Thus 
there exists gij : Uß G/N-^C^ N) such that 

{giM),n) ^ {<Pij{u){n,z))-^ (16) 
for all u e Uji, neN and (almost) all z G G/N. 

Proposition 3.1 {gij : Uji G/N-^\i,i £ 1} is a Cech 1-cocycle. 
Proof : We have 6g^ — explicitely this reads for g e G, m G ü^j. 

<Pjkiu){g,-)^ikiu){g,.)-'^(pij{u){g,gjk{u) + .) = rpijk{u){. + gN)rpijk{u){.)-'^. 

For g = n E N the right-hand side vanishes, hence the Cech cocycle equation 
foUows. ■ 

In the next lemma we State some properties of the lifted cocycles It will 
be a useful technical tool later. 

Lemma 3.1 The mups 

(i) Ui X G/N 3 {u,z) ^ Jii{u){ . ,z)|n e U(l2(N) ?{), 

{ii) Ui X G/N 3 (m,z) Ad(^;(M)( . ,z)) G PU(L2(G) (g) ?C), 

(z'n) ü; X G/N 3 (u,z) Ad(fi;(u)(-cr(.),z)) G PU(l2(G/]V) «) 

(iö) Uji X G/N 3 (m,z) Ad(^,y(M)( . ,z)) G PU(L2(G)), 
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(v) Uji X G/N 3 {u,z) ^ Ad{(pijiu){-a{_),z)) G FIJ{L^{G/N)) 
are continuous; and for all u e Ujj,z G G / N the formula 

Ad{Xj,{u){-.)cl>ji{u){-a{.),0)-') 
= Ad(?I.(M)(-< + z),^^-,-(M)+z))Cy,-(")(z) Ad(f/,.(M)(-£r(_ + z),z)-i) 
Ad{{a{gj,{u)),cr{. + z)-cr{_))) 

e PU(l2(G/N,5{)) (17) 

holds. 

Proof : (f) Letn e N,g e G and z e G/N, then 

¥i{u){n,z + gN)Jii{u){g,z) = }Ij{u){n + g,z) 

= ¥i{u){g,^)}ii{u){n,z). 

This implies that /T,(m)(m,z + ^N) = iii{u){g,z){jii{u){n,z)) e U(J{). Therein 
the right hand side is continuous in g, hence the left hand side is continuous in 
z' := gN. As the left hand side is Symmetrie in z and z' it is continuos in z. 

(n) Let {ua,Za) — > (m,z) be a converging net. Let Xa := Za — z and choose 
g« ^ E G such that ^«N = x^. Such exist - take a local section of the 
quotient (Lemma lA.ll l. Then 

Ad(?Z;(Mfl;)( . ,Z«;)) = Ad(/7,.(Mfl;)( .,z + x«)) 

= Ad(/7,.(M«)( . + ga,z))Ad{Jli{uoc){goc,z)-'^) 
= Ad(/7,-(Mfl;)( . +ga,z)) F/("«)(^a,z)"^ 

The second factor converges to pi{u){0,z) = 1. For the first factor, note that 
{u,g) ^ AdiJi,{u){. +g,z)) = Ad{\G{gm{u){.,z)\G_{-g)) eFÜ{L^{G,J{)) 
is continuous. This because Bor(G x G/N,U(J{)) 3 }ii{u) i— > }ii{u){ . ,z) e 
L~(G,U(J{)) is continuous. 

[iii) We shall show that >i/((7(_))isa continuous map from the multi- 

plicationoperatorsL~(G,U(?{))toL~(G/N,U(5{)). Indeed,let/ e L^{G/N) 
and let ^ be the characteristic function of (^(G/N) C G, so i— > fdg) '■ = 
f{8N)x{g)) e L2(G). Leti/„( . ) ^ t/( . ) e L~(G,U(J{)) be a converging 
sequence. Then 

||v„K-))/(.)-;/(^(.))/(_)||2 = J \v„iaiz))fiz)-viaiz))fiz)\'dz 

G/N 

= l\yn{g)Mg)-v{g)Mg)\^dg 

G 

— > 0, for n ^ 00. 

{iv), (v) The fourth and fifth Statement foUow directly from (/) and (n) and 
from the definition of (pji on pagelSDl 
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Equation ((iTl l foUows by threefold application of the definition of (pji. We 
let n{x,y) := a{x + y) - o-{x) - a{y) e N, then® 

Ad(jj,{-.)cPj,i-a{_),Or') 

= Ad (fl. { -I7{_),gji)-fi. {(T{z),gji) -^Xji{z) 

/7,Kz),0)f7,(-O,0)-i) 
^ Ad(?I^.(-c7(_) - a{z),gji + z)lji{z) 

F,(-0-c7(z),z)-i) 
= Ad(/7^.(-c7(_ + z),gji + z)-ßj{n{., z),gji + z)lji{z) 

/7,(n(_,z),z)-if7,(-(7(. + z),2)~i) 
= ^d(jiji-a{_ + z),gj,+z)lj,{z) 

(pji{n{_,z),z)-'^Jii{-(7{_ + z),zy^y 

Smce Ad{cPji{u){n{_,z),z)-^) = Ad{{gj,{u),ni.,z))) = Ad{ {cr{gj,{u)), er {.+ 
z) — (7 {_))), the assertion is proven. ■ 

We now turn to the definition of the projective unitary transition functions 
^ji for the dual pair, but before we remark on the local definition we make. 

Remark 3.1 The ad hoc definition ofthe transition functions ofthe dual pair byfor- 
mula (O helow may seem very unsatisfactory, because one cannot even guess the ori- 
gin of this formula. In Theorem\3^we will see that the crossed product G Xp T{E, F) 
(see appendix \A.4i ofthe associated C*-algebra of sections T{E,F),F := P Xpu^^^j 
3C(?{), can be explicitly computed by a fibre-wise, modified Fourier transform. The 
behaviour ofthis transformation under the change ofcharts will leadfinally toformida 
( f78l > (and shows that the crossed product is isomorphic to the associated C*-algebra of 
sections ofthe dual pair). 

However, we are in the pleasant Situation that we can avoid the C*-algebraic appa- 
ratus at this point and can formulate the theory in bündle theoretic terms only. 

By Lemma l3.ll (m,z) h- > Ad{(p ji{u)[—a{^,z)) is continuous hence its re- 
strictionto Uji x {0} is: u i— > Ad(</)j,(M)(— (j(_),0)). Then we let 

tji{u){z) := Ad{{r{-gji{u),gji{u)+z)®t:y^) {^^,^{-gjr{u)®t^) 

lj,{u){-.) {cp,,{u){-a{.),Oy^®tj^)). (18) 
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Therein A^^^^ is the left regulär representation on L^{G/N), and k'^ is taken 
from Lemma l23l Indeed, this defines a continuous map 

tj, : Uj, Map(G/N^,PU(L2(G/N) ® 

but its definition involved several choices, namely, the atlas, the Uttings 
and the section er. 

Theorem 3.1 Thefamily a.. = {fl,y = gjj x G 1} is a Cech cocycle and its 

class [fl..] is indqjendent of the choices involved. 

Proof : We have to show that 6^1, = 1. We insert i fTSl l and obtain® 

= Ad(((^(|^', + z),a{_ + gji) - a{_)) ® 1) 

{<PHi-cri-),0) ® 1) (KfAgki) ® 1) 

{{H8k,+z),cr{. + gki) - £r(_))-l ® 1) 
ÜHSkj + ^y7 + i),cr{_ + gkj) - cr{.)) ® l) 

(KfNi-gkj) ® 1) r,t;(--)(<l'fc/(-'^(-).0)-l ® 1)) 

= Ad(((c7(|^,- + z) - ^(l;,,- +z),<+gy,-) - cr{_)) (E) 1) 

{ipkjii-- - gji) ® 1) {<Pji{-cr{- + gji), 0)-^ ® 1) 
{<Pki{-cr{- + gji),0) ® l){cPkj{-(7{_),0)-^ ® 1)). 

The argument of Ad has simplified to a multiphcation Operator, so it remains 
to show that it is a constant in U(l). By use of ö^(p = difip and dif(p = 1 we 
continue 

... = Ad(^{{a{gj,+z)-a{gki + z),cr{. + gj,)-a{.))(8)l) 

^kpiO) icpkj{-(^{- + gp),gj,) ® l){cPkji-(^{-),Or^ ® 1)) 
= Ad(((£7(|^., +z) - z),cr{. + gj,) - (7(.)) ® 1) 

tpkj.iO) i(l>kji-<7{.)+ai. + gji),0r' ® 1)) 

{a{gji + z) - a{gki + z), o-{gji)) 

HHgji + z) - Hgki + 2), a{_ + gji)- ( r{_)-cr{gji) ) ® 1)), 
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this can be transformed by use of the definition of gji 

... = Ad{iPkji{0)icPkji-a{_)+a{_ + gji),0)-'®l) 

{Hgji + z) - Hgki + z), o-{gji)) 
{{-gkj,(^{-+ gji) - (^{-) - ^{gji)) (i^t)) 

= Ad(iPkii{0)4>kMgji),0r^ {Hgji + ^)-Hgki + z),cr{gji))'^ 

= 1l2(g/n)®:h:- (19) 

This is the desired result. 

To check that all the choices involved have no effect on the class of this 
cocycle is straight forward, and we skip the tedious computation here. ■ 

Let US define a pair for gij, [ij explicitly. Let 

E:=U{UiXG/N^)/^ 

i 

withrelation {i,u,z) ^ {i,u,gji{u) +z) and 

P := UiUi X G/N^ X PU(l2(G/N) ^K)) / ^ 

i 

withrelation {i,u,z,U) (;,M,gy,(M) +z,^ji{u){z)U). (P,E) is a dual pair over 

ß with underlying Hilbert Space Ä := L^(G/N) ® J{. Then the Statement of 
the theorem is that we have constructed a map 

Dyn'^(ß) Par(ß), 

[{p,P,E)] ^ [{P,E)] 

for one easily checks that outer conjugate triples define isomorphic duals. We 
are going to improve this Statement in the next theorem. 

Let US define a family of projective unitary 1-cocycles by the foUowing sim- 
ple formula. Let x & G,z e G/N^, u e U„ then we define 

Mu){x,^) :=Ad((^,-c7(.))®l:K) ePU(L2(G/N)® (20) 

Therein a : G/N — > G is the same Borel section which we have used to 
define ^jj. By dominated convergencJ^, it is clear that x G 
L°°(G/N,U(1)) is continuous, so p/ is. 

Theorem 3.2 The family e /} defines a dual decker p on the pair {P, E), and 
we obtain a bijectionfrom the set ofdualisable dynamical triples to the set ofdualisable 
dual dynamical triples, 

Dyn+(ß) l5yn'^(ß). 
[p,P,E] ^ [p,P,E] 

G is first countable. 
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Informulas (f76l>,(f78|) and (l2Ül l a;e can replace everything by its dual counterpart, i.e. 
we interchange the rdle oftriples and dual triples, then we obtain a map 

Dyn\ß) Dyn+(ß). 

Moreover, these two niaps are natural and inverse to each other, so we have an equiva- 
lence offunctors 

Dyn^ ?^ f5^ . 

Proof : To see that the cocycles pi define a decker we have to verify that 

Vi{u){x,^) = tji{u){z + Xl^^y^fij{u){x, gji{u) + z)tji{u){z). 
We just compute the right-hand side® 

( {&{z + xN^ + gjd> t^(-) - + gji)) ® 1) 
((x,-^(-)>®l) 

( {Hz + gp)r -Cr{-) + + gji)) ® 1) 

= Ad ((((7(2 + xN^ + gji),H- - gji) - H-)) ® 1) 

{{X,-(T{--gji))®t) 

{{Hz + gji)' -H- - gji) + H-)) ® 1)) 
= Ad(((;t, -H-)) {H^ + gji + XN^) -X-H^+ gji), H- - gji) - H-)) ® 1)) 

= Ad(((x,-0>®i) {H^ + gji + x'^^)-x-H^ + gji),-Hgji))) 

= fiiiXrZ). =: {^ji[x,z))-^ = lmod\]{l) 

This establishes p. A careful look at this calculation shows that indeed is 
the second term of the total dual cocycle (i/^..., 1) defined by our constructed 
dual d5mamical triple. It is easy to see that another choice of the section a alters 
Pi and precisely in such a way that they define an isomorphic pair. So we 

have established a map Dyn^(ß) Dyn (ß) and, by replacing everything by 
its dual, a map in opposite direction. 

To prove the remaining assertions of the theorem, we shall apply our con- 

struction twice. We will find that the double dual [p, P, E) is isomorphic to 
(Ad o Aq<Si p, PU(L^(G)) ® P, E). In particular, we already see from the defini- 

tion of <^^/ that the double dual bündle E has cocycle ^j;(«) := ^ji{u){_,0)\-f^± = 
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gji{u), so there is 6 : E = E. We compute the double dual cocycle 

Cji ■■ Uij Map(G/N,PU(L2(G/N-L) ® L^{G/N) ® M)). 
By definition, we have by (|T8l l and dlSll® 

?;,(--)(^;K-^(-),0)-^®l®l)) 
= Ad((r (g^,- + z, -gyO ® 1 ® l)(Ag^^^ (-gy,-) 
i^i-gji'gji - ■■) ® ® K/Ni-8jÖ ® 1) 

(1 lji{--)){t ® </'y7(-t^(-), 0)-^ ® l){4>ji{-a{..), 0)-^ ® 1 ® 1)) . 

With equation l fT7|l and the definitions of k^, (pji, . . . this reads 

... = Ad(^i{a{.. + gji)-a{..),cTigji + z))(8)l(®l) 

(1 ® Ag/^(-^yO ® 1)(1 ® p^.(-£r(_ + z),^y,- + z))) 

Ad((l®f(,(-c7(_ + z),z))(l® 
((^(^;7 - •■) + K-) - Hgji' -<gji + Z) + '^(z)) ® 1 ® 1)), 
and after some intermediate steps we find 

='?y(w)(g;<(")+z)"^Ad(Ag^^^(-g^,-(M)))®l®Q,(")(z) 

wherein 

i]i(u){z) ■- Ad(^{{a{..)+a{-..),a{z)){a{-..),a{_-z)-(7{.))®l®l) 

(1®/7,.(m)(-c7(.),z)-1)(1®A^,^(z)®1)). 

This already proves part of the second half of the theorem, for we see that the 
double dual is isomorphic to a pair with transition functions 

(w,z) ^ Ad(Ag^^^(-|^,-(M)))®l®^y,-(")(z)- 
For general reasons such a pair is isomorphic to a pair with transition function 

(m,z) ^ \^^^^{-gji{u)) ® 1 ® 1 e U(l2(G/N-L) (g) l2(G/N) ® J{) 
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is a unitary cocycle. However, we can give a concrete isomorphism. Let us 
denote by 3^ : L^{G/N^) the Fourier transform, then we obtain a 

multiplication Operator 

^°^g/N^(-^/'("))°^"' = (Si" ■ = <?'/7(")(-'0)|n e U(l2(n)). 
Thus, by definition of (pjj we have 

= Ad(^{J-^ (E)l(E)l)o }ij{u){. ,gji{u) + z)"^|]v o{J(E)l(E)l)^ 

(101«) ^y/(M)(z)) Ad(^(?'~^ (g) 1 (g) 1) o /7,.(m)( . ,z)|n o (J (g) 1 (g) l)j, 

and we let 

i?;(m)(z) := Ad((5'"^ (g 1 (g 1) o /7,.(m)( . ,z)|n o (J g) 1 (g 1)^ '//(") (z)- 
Due to Lemma l3Ä] f;) is continuous. We obtain 

ijiiu){z) = ßjiu){gp{u)+zy^ (l(gl(g^y,(")(z)) Mu){z)' 

SO !?! define local isomorphisms between P and PU(L^(G/N-'-) ® L^(G/N)) (g 
P which fit together to a global isomorphism 

(1,!9,0) : (P,E) ^ (PU(l2(G/N^)®l2(G/N))®P,E). 

We have to compute the behaviour of the double dual decker under this iso- 
morphism, i.e. we have to compute 

}i',{u){g,z) := Mu){z + gN) fi,{u){g,z))ßi{u){z)-\ 

for pi{u){g,z) = Ad{{d-{..), (g 1 (g l). This yields® 

li'i{g,z) = Ad((J"^(gl(gl)o]I.(.,z + gN)|No(y(gl(gl) 

(1 A^,^(gN) ® 1)((<7(..), -g - +£r(_ + gN)) ® 1) 
(l(g/7,-K- + gN)-C7(.),z)) 

(y"^(gl(gl)o^,.( .,z)~i|]vo (J®lg)l)) 

= Ad((J~^® l(gl)o]I.( .,z + gN)|N 

(1 ® '^G/N ig^) ® 1) (A^ (g + 1^(-) - £r(- + gN) ) ® 1) 
(l(gF/K- + gN)-(7(.),z)) 

z)"^|jv 0(5- (gl (gl)) 

= Ad((J-^(gl®l)o (l(gAg/^(gN)®l) 

(A^ {g + cr(.) - t7(. + gN)) (g 1) o (J-g) 1 g) 1) 

(101®/T,(^'Z)))- 



46 



The last equality is just the cocycle condition for pii. We can make a further 
manipulation by use of the foUowing isomorphism 

S : L^{N) (g) L^{G/N) ^ L^{N x G/N) L^iC). 

We let (§ (/) ){g)-- fig- cr{gN), gN) . Its inverse is given by (S^^/) ) («' z) : = 
f{n + cr{z)), and it is immediate to verify that 

o A, (g) o § = A,,^ {gN)\^ ig + - a{_ + gN)). 

This impHes for the cocycle that 

¥»{g,z) = Ad({J-^®l®t)o{%®l)o{\^{g)®^^{u){g,z)) 

o(§0l)o (J® l(g)l) 

To summarise, we have shown that there is an isomorphism of dynamical 
triples 

((§®l)o(J®l(g)l),!9,0) : {p,P,E) -> ((AdoAg)(8)p,PU(L2(G))®P,E). 

So, as we discussed in Example l2.21 the double dual triple is outer conjugate to 
the triple we started with. 

We finally comment on the naturality of the defined maps. Let f : B' ^ B 
be a map of bases Spaces. Then we have a diagram 

Dyn+(ß) ^D^\ß) 



Dyn+(ß') ^D^n{B'). 

On the local level pullback with /* is the purely formal Substitution of m G ß 
by f{u') for u' E B' in all formulas, and it follows that the diagram commutes. 
This proves the theorem. ■ 

3.2 The Relation to Topological T-Duality 

So far we have f ound that dualisable dynamical triples and dualisable dual dy- 
namical triples have the same isomorphism classes. We demonstrate that the 
theory developed so far is intimately connected to topological T-duality. 

Let {p, P, E) be dualisable and P, E as above. Let Ptop := PU(L2(G/N)) ® P. 

Theorem 3.3 The two pairs (Ptop/E) lind {P,E) with underlying Hilbert space 
Ä = Ü-{G/N) ® % span a topological triple (k'°P, (Ptop, E), (P, E)), and we obtain 
a map 

T(ß) : Dyn+(ß) Top(ß). 



47 



Moreover, this map is natural, i.e. it defines a natural transformation offunctors 

T : Dyn^ — > Top. 

Proof : We have to show that there exists (a natural choice of) an isomorphism 
k'°P : E Xß P ^ Ptop X ß £ which satisfies the Poincare condition. We are going 
to define k'°P by local isomorphisms of the locally trivialised pairs. Let 

k:'°P : Ui Map(G/N x G/N^,F\J{L^{G/N) ® JC)) 
be given by the formula 

K^°P(«)(z,z) := Ad( (r(2,z) 1) H,(t/)(-^(_),2)-i (A,,^(2) ® 1) ) 

= :KfP(i/)(z,z) (21) 

K*°P is continuous, for the first factor is exactly k"^ of Lemma [2.31 which defines 
the Poincare class, thus it is continuous. The left regulär representation A^^^^ 
is continuous and by Lemma |3H (in) (m,z) Ad{]i-{u){—cr{_),z)) is contin- 
uous. The fimctions (m,z,z) l®^y;(M)(z) and (m,z,z) 1 ® ^jj{u){z) are 
transition functions for the bundles Pdyn x ß E and E x g P, and the functions 
k'°P will define a global isomorphism if and only if 

'<^'°''("'^;;(w) +Z/|;7(w) +z) tji{u){z) k*°P(m,z,z)~i = l(g)Q,-(M)(z), 

for (w, z, z) e Uij X G/N X G/N^. By construction, the Poincare condition will 
be satisfied automatically. 

We are able to do this calculation on the projective unitary level directly, but 
later we need the same calculation on the imitary level, so we prepare ourselves 

first with a choice of lifts ^y,. 

Recall that u Ad{(pji{u){—(7{-),0)) is continuous. If we pass once more 
to a refined atlas which again we denote by {Ui}, then there exist continuous 
lifts 

</>^,:üy/^L~(G/N,U(l)) 

such that Ad{(pji{u)) = Ad{cpji{u){—cr{S),0)); by those we define lifted transi- 
tion functions functions ^^-^ : Uji L~(G/N^,L~(G/N,U(J{)))by 

lj,{u){-_){^j^iur^®l^), (22) 

forM e Uii,z e G/N-L. 
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Now, we calculate® 

= {{^iSji + -^(-) + <- - gji - Z)> ® 1) }ij{-(T{.),gji + Z)-1 

(\/N(^y< + 2)®l) 

= ((^(1// + z) - ^(2), -c^(-) + - z)) ® 1) 

yij{-a{_),gji + z)-%-Xz - -) (^^•,.(- - z)-i ® l)?7,(-(7(_),z) 
= ikKgji + z) - ^(z). -'^(-) + - z) + '^(z)} ® 1) {^{U + z) - ^(z), -t^(z 

H/-^(-))(",gy7 + z)-%-,-(z - _) (^..(. - Z)-1 ® 1)?7.(-^(_),Z) 

= ((^^•,-, -(t{_) + C7(. - z) + (7(Z)) ® 1) (^(g^., + z) - ^(z), -£r(z)> 

rij{-cr{_),gji + z)-^Cj,{z - -) - z)"^ ® l)f7,(-^(-),z). 

The variable z only occurs in {d'{gji + z) — 5'(z), — (j(z)). To the remaining ex- 
pressinon we can apply equation ^\7\ of Lemma [3.11 which is valid on the imi- 
tary level up to a U(l)-valued perturbation aj.,. : Uji L~(G/N, U(l)). We 
obtain 

... = (<7(gyK")+z)-^(z),-t^(z)>«;,(«)(z)-l(l®r;/(")(z))- (23) 

= :a^.,(M)(z,z)-i eU(l) 

This establishes the existence of k'°P . 

It remains to check that the constructed equivalence class of the topolog- 
ical triple only depends on the equivalence class of the dynamical triple, but 
this not difficult to establish. We just mention that if we start with an exterior 
equivalent decker which differs locally by C/ : UjXGxG/N^ U(J{) from 
the cocycle f/,, then k'°P differs by the null-homotopic bündle automorphism 
which is locally of the form c, (m, — cr(_ + z), z). 

Finally, we remark that t is natural. Indeed, let / : ß' — > ß be a map of 
bases spaces. Then there is a commutative diagram 

Dyn+(ß)— -^Top(ß) 



Dyn+(ß') ^^Top(ß'), 

because in our local construction pullback with / is just pullback of the under- 
lying locally defined functions by / which corresponds to the formal Substitu- 
tion of M e ß by /(«') for u' e B' in all formulas. ■ 
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Our aim is to construct an inverse of T(ß) : Dyn^(ß) — > Top(ß). In partic- 
ular, we wish to construct from the data of a topological triple 



P xg £ ^ £ XßP 




B 



a decker p on (a pair stably isomorphic to) {P,E). The space E Xß P clearly has 
a G/N-action, and by use of k we can define a G/ N-action on P x g E. The lead- 
ing idea is that the Poincare condition enables us to push forward this action 
down to a G-action on P. We will see that this falls in general as an obstruction 
against a decker occurs. 

Let (k, (P, £), (P, E)) be a topological triple over ß, and let gij,^ij and gij,Cij 
be transition functions for the pairs (P, £) and (P, £)■ Without restriction we 
let J{ = L^(G/N) ® !K be the underlying Hilbert space. The existence of k im- 
plies the existence of locally defined k,- : Map(G/N x G/N-^,P\J{3i)) 

such that 

Since k satisfies the Poincare condition each k, can be written in the form 

Ki{u){z,z) = k"{u){z) k^{z,z) Ad(ü,-(M,z,z)) k|'(m)(z), 

wherern k"^ is from Lemma [2.31 and k?,k;[' are some continuous projective uni- 
tary fimctions and C; : Uj x G/N x G/N-^ ^U(J{)isa continuous imitary 
function. We introduce some short hands to get rid of k" and k''. We let 
:= Kl{u){gji{u) + z)-'^Qi{u){z)K^{u){z) andanalogously ^^(m)(z) : = 
K^{u){gji{i') + z)tji{u){z)K'^{u){z)-'^. Thus we have® 

Cjiiz) = K''{gji + Z,gji + z)Ad{Vjigji + Z,gji + z)) 

e;,(z)Ad(z;,(z,z))-iK-(z,z)-i. (24) 

Let US choose, if necessary after a refinement of the given atlas, lifts f : Ujj — > 

L~(G/N,U(5{)) and t,7 : L~(G/N-L,U(Ä)) of the transition functions 
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(Lemma IA.81 . Then we obtain® 

tji{z) = [K^igji + Z, gji + Z) ® 1) Vj{u, gji + Z, gji + 2) 

C'jiiz) Vi{z,zy^ (k^(z,z)-i ® 1) a^',(z,z), (25) 

for some continuous ocp : Uij U"{G/N x G/N^,\]{1)) and k^(z,z) := 

{&{z),a{_- z) - (t{.)) e L~(G/N,U(1)) C U(Ä); er and ^ are both chosen 
to be Borel. By direct computation, it follows that 

i^gxg'>^..)kji{u){z,z) = xpkji{u){z)tpkji{u){zy^, (26) 

for the twisted Cech cocycles ip,„ ■ 1 := Sg^' and i^... ■ 1 := ä^^' . It is our 
task now to use the Poincare condition of the isomorphism k to deduce a more 
concrete f ormula for aji from which we can extract the existence of a decker. It 
will be sufficient to investigate the structure of 

Aj,{u,z) := Ad(a^',(M)(z,..)) e PL~(G/N-L,U(1)). 

Welet 

ßj,{u,z) ■.= Ad{{H: + gj,{u))-H-)^<^igjr{u)+z))) e PL~(G/N\U(1)) 

Note for the next lemma that ßji{u,z) equals K^{gji{u) + z,gji{u))^^ up to con- 
jugation by the imitary implemented Ad(A.^^j^ {gji{u))), so the Cech classes 

[ßji] and [(m,z) ^ K^{gji{u) +z,gji{u))-'^] in H^{Uji x G/N, U(1) ) definedby 
these functions agree. (Cp. Lemma IZ4l l 

The Hilbert space J{ occurs in the following to force that certain Operators 
which are defined on different tensor factors of J{ (G/N^) Ä commute. 

Lemma 3.2 Aji is continuous, and there are continuous function^ 

Wji : Uji Map(G/N,L~(G/N^,U^^(J{)))) C Map(G/N,U(J{® l2(G/N-^))) 
and 

such that 

lryt:(E)Aji{u,z) = lj<;®^y;(M,z) Ad{iv ji{u) (z)) (7;,'(") ® 1l2(g/n^))- 

12 U^''( JC) is a commutative, contractible subgroup of U( JC) such that U(l) ■ 1 C U^''(:h:). See 
section lÄ3l pagel92l 
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Proof : Equation l|25] | implies 

= Ad((r(gy,-(M) +z,gy,-(M) + ..) ® l:^i)vj{u,gj,{u) + z,gj,{u) + ..) 
C'j,{u){..)v,{u,z,..))-HK^{z, ..y^ ® 1:k)) ® %) 

e pu(l2(g/n-L)®ä)). 

The terms inside the bracket are continuous unitary functions on Uji x G/N. 
Thus we have equality of the Cech classes [^^'J = [l (g) Cji] = [^ji ® l] = [Aji] E 
H'^{UjiX G/N, lJ{i)). We compute the Cech class of 1 ® by equation l|2lll 

for 2 = 0. Then k'^(z, 0) = 1, hence has trivial Cech class. The map (m,z) 
^^(m,0) has Cech class [(m,z) ^-/(M/O)]. By Remark E21 let 7^'; : Uji 

F\J^^{:K) besuchthat [(m,z) ^ ^■,■(«,0)] = [{u,z) ^ jji{u)] = pr^^j7^';]. Then 
[1 ® Cji] = [iu,z) ^ K'^igj.iu) + z,gj,{u))] + [u^ C;,(m,0)] 

This implies that Aji ® 1^^; equals ßji ® 7y, up to Ad of a continuous imitary 
function Wji : Uji x G/N — > U(L^(G/N^, w;^,' takes values in the sub- 
group L"^{G/N^,U^^{^)) only, since Aji,ßji and jji are maps into the sub- 

groupPL~(G/N-L,U^l'(5c)) C PU(L2(G/N-L,5c)). 

Finally, we just interchange the order of the Hilbert Spaces in the tensor 
product L2(G/N^) ® J{ to 5{ ® L^{G/N^). This will be convenient later. ■ 

Remark 3.2 By passing to a refined atlas, we can always achieve that jji = 1, for 
we can apply Lemma \Ä^ to the functions Uji 3 u t'jii^) (0)- ^^^^ '^^se we have 
Wj,{u){z){z) 

It is important to note that although Wji depends on the choice of 7^,- the 
term {d^w„)ji{u) = d{wji[u)) does not; here d is the (first) boundary Operator 
of group cohomology 

Map(G/N,L~(G/N^,U^^(Ji))) Map(G,Map(G/N, L~(G/N^,U^^(J{)))) 

w {{h,z) ^ w{z + hN){..)w{z){..)~^) 

The sheaf of continuous functions into the ränge (or source) of d is a G/N x G/N-^ - 
module in the obvious way. So the following Statement is meaningful for the 
twisted Cech boundary Operator Sg ■ 

Lemma3.3 Ad(^{ög d^w„)i^ji{u){h,z){..)^ = Ijorallu e U]^ji,z e G/N,h e 
G. 
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Proof : Since rf* and xg commute, we have to show that the expression 
Ad{{Sg yg w„)i^ji{u){z){..))isindependentoiz. Because Ad{{ögxgOc..)]cji{u){z, ..)) — 
Ad{ipi^ji{u){..)^^) and'yji{u) areindependentof zwehavetocompute^^g ß..- 
This yields® 

i^g..xg.ß-)kji{z) 

(H- + gki) - H-)'(^{gki + z)) 

{H- + gji + gkj) - H- + gji)' -(^{gki + z))) 

= Ad((^(.. + gji) - &{..), (r{gki) - cr{gji))), 
and the lemma is proven. ■ 
It follows that 

<Pkji{u){h,z) {Sg xg d,w..)kji{u){h,z){..) e U(l) (27) 
satisfies Sgcp — 1 and = 1, i.e. it defines a twisted Cech 2-class 

W...] e H'(B, Z,Vt(G,Map(G/N,U(l))), g..). (28) 
Lemma 3.4 The construction ofthe class [cp..] defines a natural map 

Top(£,ß) ^ H^(5, Z,Vt(aMap(G/N,U(l))), g..). 

Proof : We must show that the constructed class only depends on the isomor- 
phism class of the triple. Let us check all choices in reversed order of their 

appearance. 

Firstly, the choice of Wji is only unique up to a continuous scalar function 
Uji X G/N" U(l), so cp,„ = ögxgd*w„ changes by a boundary. 

Secondly the choice of 7^,-, is only unique up to a unitary implemented 
function Uji W'°{'K), so Wji may change by this function. But this function 
is independent of z G G/Af, so does not change. 

Thirdly, if we choose different lifts of the transition functions l,ji, this would 
change ay,- by a function Uji L°° (G/N, U(l) ), so Aji does not change. 

Fourthly, if we choose different lifts of the transition functions l,ji, then ay, 

is changed by a function Uji L°°{G/N-^,IJ{1) ), so Aji, thus Wji, changes by 
a fxmction independent of z E G/N, so d^,Wji does not change. 

Fifthly, if we choose another atlas for our construction, we can take a com- 
mon refinement and the normalisation procedure ^y, l,'-, Iji ^ l'-, leads to 
the same equations as above, except we restricted us to the refined atlas, so the 
class of <p... is not changed. 

Sixthly, if we start with a topological triple which is isomorphic to (k, (P, £), (P, £), 
then, locally, the isomorphisms of the xmderlying pairs have the same effect 
as a change of the atlas which does not change the class of f,„. However, 
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we must take care of the homotopy commutativity of diagram ((T4l l. So if k' 
is homotopic to k , then they differ locally by a continuous unitary function 
v'i : Ui X G/N X G/N^ U(Ä), and equation ^ becomes 

^'j{u,gji{u)+z,gji{u)+z)'^tji{u)izmihz,z) 

= {^{Sji{u) +Z,gji{u) +Z)®t) Vj{u,gji{u)+Z,gji{u)+Z) 

t'jiiu){z) v,{u,z,z)-^ (k'^(z,z)-i ® 1) 4(m)(z,z). 

We must investigate how a'^- is related to oijj. The family v'- defines the bündle 
automorphism k' o k^^ on P Xg E so 

Cj,{u)iz){v'i{u,gj^{u)+z,gj^{u)+z)) = v'j{u,z,z) (x.'li{u){z,z), (29) 

for a scalar cc'-^ : Uj x G/N x G/N-^ — > U(l). It foUows from the three equa- 
tions for Uji, oc'- and ol'-^ that = ocji a'-^. So Wji changes by a'--. But a." is a 
cocycle ögyga" = 1 which is easily computed by its definition l|29)l , so S,^xgiü,, 
and q>,,, do not change. 

Finally, we just remark that the defined map is natural with respect to pull- 
back. I.e. if / : ß' ^ ß is a map of base Spaces, then there is a commutative 
diagram 

Top(£,ß) -H2(ß,z,Vt(G,Map(G/N,U(l))),^..) 

Top(/*E,ß') -H2(ß',z,Vt(G,Map(G/N,U(l))),/*g..). 

This proves the lemma. ■ 
The quotient map G ^ G/N induces a map on the twisted Cech groups 

H2(ß,Z,Vt(G/N,Map(G/N,U(l))),g..) 



H^(ß, Z,Vt(aMap(G/N,U(l))), g..), 
and the map of Lemma \3M has an obvious factorisation 

Top(E,ß) ^fi^(ß,Z,Vt(G/N,Map(G/N,U(l))),g..) 




Lemma 1^ 

H^(ß,Z,Vt(G,Map(G/N,U(l))),g..), 
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since the definition l l27t of cp,,, implies 

9kji{u){h + n,z) = fkji{u){h,z), (30) 

for all n E N. 

Definition 3.2 A topological T-duality triple over B is called almost strict if its 
Cech class [cp,,,] defined by Lemma [3l4l vanishes. The triple is called strict ifits Cech 
class defined by the horizontal map in the diagram above vanishes already. 

We denote by Top^^(ß) respectively Top^(ß) the set of all almost strict re- 
spectively strict topological triples over ß; so we have obvious inclusions 

Top'(ß) C Top^'(ß) C Top(ß). 

Remark 3.3 For the class of a topological triple [{k, [P, E), (P, E))] e Top(ß) its 
class in Top(E, ß) is only well-defined up to the action of AvAß{E) on Top(E, ß). 
However, the the vanishing ofthe obstruction class in Definition \3.2\ is independent of 
the possible choices, so Top^^(ß) and Top^(ß) are well-defined. 

We will see that strict and almost strict play a major role in our theory. The 
following two lemmata give a first feeling. 

Lemma 3.5 The image ofthe map t{B) from dualisable dynamical to topological 
triples is contained in the set of strict topological triples, 

im(T(ß)) c Top'(ß). 

Proof : In equation l l23l l we already computed a for a topological triple which 
is constructed out of a dynamical one. (In l|23|l we did not normalise f i— > 
but this does not change Äy,-.) The result is (x.ji{u){z,z) = {d-{gji{u) + z) — 
d-{z),(T{z))a'ji{u){z). So in this case we have 

Aji{u){z) = Ad{{a{gj,{u) + ..)-a{..),i7{z))) 

= ^d{{&{gji{u) + ..) - &{..), o-{gji{u) + z) - cr{gji{u))) 
= ßjiiu,z) Ad{{a{gjiiu) + ..) - a{..),-a{gjiiu))), 

independent of z £ G/N 

i.e. we can choose Wji such that Wjj{u) (z) does not depend on z. Of course, the 
choice of Wji is only determined up to a scalar Uji x G/N — > U(l), but in any 
case Xji ■ 1 := dsfWji defines a fimction Uji —> Z^Qj^t(G,Map(G/N,U(l))), so by 
construction cpi^ji = {SgX..)kji is a boundary. ■ 

The next (technical) lemma will be the crucial point in the construction of a 
decker from the data of a topological triple. 
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Lemma 3.6 Assume (k, (P, E), (P, E)) /s almost strict. Then we can find a (suf- 
ficiently refined) atlas {LI/|i e /} such thatfor Wjifrom above there exists a family 
nii : Ui Zi„j,t(G,Map(G/N,L~(G/N-L,U^''(5f)))) such that 

Ad{d,zvjiiu){h,z){..)) = Ad{{Sg^gm,)ji{u){h,z){..)) (31) 

e PE~(G/N-L,U''l'(J{)) 

Proof : The proof uses a Standard Zorn's lemma argument as it can be found 
inllDlI. 

First wenote that the Space Z := Ziont(G,Map(G/N,L~(G/N-L,U^''(J{)))) 
is contractible. In fact, if H : [0,1] x W^{:K) is a contraction with 

each H{t,_) a group homomorphism, then the push-forward H# : [0, 1] x Z — > 
Z preserves the cocycle relation and is a contraction. 

We can assume that the atlas is sufficiently refined such that, firstly, <p... from 
lEZj is a boundary, i.e. there exist Xji ■ Uji Zjoj,t(G,Map(G/N,U(l))) such 
that {ögx)kji = <fkjii arid secondly, as ß is a paracompact Hausdorff space, even 
the closed cover U/e/ = ß is locally finite and that iVji,Xji are well-defined 
on Uji, for all /, E I. We let 

M := I (/, m.) I / C /, for all je } : nij : Uj Z such that 
for all /,/ e / and all u e Ujj,z e G/N we have 
mi{u){h,z){..) = d.^Wji{u){h){z){..y^Xji{u){h,z) 

mj{u){h,gj,{u)+z){gj,{u) + ..)^ (32) 

For each i e I, {{i}, {l}) E M, because we can assume that wa = l,Xü = 1/ 
so M is non-empty. We define a partial order on M by {],ni) < {]' ,m) if 
and only if / C /' C / and nij = m'j, for all / E }■ For each chain in M 
the union of the index and cocycle sets is an upper bound, hence by Zorn's 
lemma there exists a maximal element (/, m ). Assume / 7^ /, so there is some 
a E Let _R := [jj^j{UjnUa) C 11«. For w e R we define fha{u){h,z){..) : = 
d^.Wja{u){h,z){..)-'^mj{u)ih,gj„{u) +z){gja{u) + ..)xia{u){h,z),iiu E Uj. Due 
to 6gX = ö^x^d^w, this definition is independent of ;' E }. We end up with a 
diagram 



I 

Since our cover is locally finite, R is closed, but Z is contractible, therefore an 
extension nia exists [DD, Lem. 4]. This contradicts the maximality of {],m), so 
/ = /. Finally, equation ( |3Tt holds, since Xji{u){h,z) E U(l). ■ 

The constructed family {ffZ/} is the last ingredient to write down an explicit 
formula for a decker p'^y" on (a stabilisation of) the pair (P, E). It is not hard to 
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guess that the cocycles m, will be an essential part of the cocycles }i- ^ which 
we will define to implement the decker p'^y" locally. But unfortunately the 
constructed family is by no means unique, and this non-uniqueness is 

the origin of the foUowing discussion. As a matter of f act this discussion will 
simplify drastically when we consider the special case of G = R" with lattice 
N = Z" in the next section below. However, now we continue with the discus- 
sion of almost strict triples from above and work out the general framework. 

Let ^ be the twisted Cech cocycle from equation l|27)l . The triple under consid- 
eration is assumed to be almost strict, so (after refining the atlas JJ,) we have 
n// = {^s^.)rii for a chain x.. e C^(LI., Z^p,,t(G,Map(G/N,U(l)) ,g..) as in 
the proof above. Obviously, this chain x. is only well defined up to a cocycle 

A choice of x.. determines the family {?«,} in equation l|32)l not completely 
but up to a family : U, Zl^^^{G, Map (G/N, L~(G/N^,U'^''(M)))) which 
satisfies {ägxgn,)ji = 1. We already mentioned that m,- will be part of the co- 
cycles }if^^. Then it will turn out that the two families {m,} and {m,- n,} de- 
fine exterior equivalent deckers. However, this is not the case when make we 
another choice of of X-/ say x.. x} for x} as> above. Then {)«/} must be re- 
placed by {otj m^} for mj being such that {Sgxg^^)ji = xji ' 1/ and we will find 
that the corresponding deckers are exterior equivalent if and only if the class 
[xl] e (5, Zl^^^^{G/N, Map(G/N, U(l))), g..) vanishes. h\ other words, for each 

class [x^] we obtain a different class of dynamical triples. It is then the obvious 
question, whether the different dynamical triples still have something in com- 
mon. Or if X is the class of almost strict topological triple and x'iy" is the class 
of one of the possible dynamical triples indicated, is there any relation between 
zandT(ß)(x'iy")? Can we describe the difference, in particuar, when do they 
equal? A partial answer of this question is already given in Lemma [3. 51 which 
shows that x and T(ß) (x'^y") only can equal if x is strict. 
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Consider the short exact sequences 

1 



Z,Vt(G/N,Map(G/N,U(l))) 



Z,Vt(G,Map(G/N,U(l))) 



restr. 







N 



0. 



They both induce long exact sequences in (twisted) Cech cohomology. The 
relevant part for us is 

Q, ,^ := Hl (ß, Zl^,{G/N, Map(G/N, U(l))), g..) (33) 



Hi(ß,G) 



hHb, g/n-L ) 



Qc ■■= Hi(B,Z,Vt(G,Map(G/]V,U(l))),g..) 



Due to equation l l3Üt restriction ;i[;j!(M)lN defines a class [x..|n] G H^iB>NjS -) 
and by diagram a class in H^{B, G/N^ ), i.e the class of a G/N^-principal 



fibre bündle — > ß. Exactness of the columns in diagram l l33l l implies that 
this class is only well-defined up to the quotient group Qq / cjiQg^^), because 
the class varies with the choice of x..- The bündle will be connected to 
the description of T{B){x'^y"). Namely, if x = [{k, (P,E), (P,E))] and x'^y" = 
[{p'^y^, fdyn/ E)] (^'dyn will be a stabilisation of P with a certain Hilbert space), 
then the result will be 



:(ß)(x'l>'") = [(K*T(f, 



,E),{P^^,E(BE^J)]. 



dyntop' 

If the topological triple is strict, then by definition we can choose X-- such that 
Xji{u)\N ~ 1, SO the class [X- In] vanishes and the bündle E;^- is trivialisable. In 
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that case we give a description of Pdyn iri the proof of the theorem below. If the 
topological triple is in the image of T(ß), then we even know more as the next 
theorem makes precise. Therein 3'(M) denotes the power set of a set M, and 
we denote the image of T(ß) by Top™(ß), so 

Top^'"(B) C Top"(ß) C Top^'(ß) C Top(ß). 
Theorem 3.4 The map t{B) is injective, and there are three mups 

S^^B) : Top^^(ß) ^ J'(Dyn+(ß)) 
^^(ß) : Top^(ß) ^ J'(Dyn'^(ß)) 
S'^^iB) : Top™(ß) ^ Dyn+(ß) 

with the following properties: 

(a) Foreach x e Top^^(ß) theset ö^^{B){x) C Dyn^(ß) is a Q^-torsor. 

(b) Ifxe Top^(ß), then 6^{B){x) C S^^{B){x) is a q{Q^^j^)-subtorsor, andfor 
euch x'^y" e S^{B){x) the (class ofthe) G/N^-hundle ofthe (class ofthe) 
dual pair ofr{B) (x'^y^) is (the class ofi the G/N^-hundle E ofx. 

(c) Ifx is in the image o/t(B), then S"^{B){x) e S^{B){x), and <5™(ß) is the 
inverse o/T(ß). 

Moreover, S^{B) is natural in the sense that it extends to a natural transformation of 
functors 

S'' : Top' "Po Dyn^, ? = as, s, im. 

Proof : The proof consists of several steps which are rather technical, so we 
first give an overview of the proof: 

In Step 1 we construct from the data of an almost strict topological triple a 
decker on the underlying pair (after stabilisation). The local construction will 
depend on many choices and it is the statement of Step 2 that almost all of 
these choices do not interfere with the equivalence class of triple defined. An 
exception is the choice of x.. (above) which will cause the Qg-torsor and the 
(j(Q(,/^)-subtorsor structure in (a), (b). Then in Step 3 we compute the compo- 
sition (5'™(ß) o t(B) and find that this is the identity on Dyn'''(B), hence t(B) 
is injective and i5'™(ß) is surjective. In Step 4 we compute the reverse compo- 
sition T(ß) o ^^(ß), which will lead us to the result stated in (b). In particular 
this calculation shows that t(B) o S™^{B) is the identity on the image of T(ß). 
As both compositions ^5™(ß) o T(ß) and T(ß) o S^"^ are the identity maps the 
Statement of (c) is clear then. In Step 5 we finally comment on the naturality of 
the maps. 

In the hole of the proof we maintain the notation introduced above. 
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Step 1: For an almost strict topological triple (k, {P,E), (P, E)) we construct 
a dualisable dynamical triple {p, Pdyn/ ^dyn)- 

The idea is simple. All we have to do is to write down an explicit formula 
for a family of cocycles which satisfies equation ^ for the transition functions 
of the pair (P, E). 

Assume the topological triple has underlying Hilbert space 3i = {G / N) <Si 
%. Let Z,'-, Vy IV ji, cpi^ji, ... be as above. We can assume that the atlas LT, is 
sufficiently refined such that cp,„ is a boundary. So we choose x.. above such 
that cp,„ = SgX.., then let nij be defined by l l32l l in the last lemma. 

Let US consider Uy,' 3 u i-^ ® ^g^j^±{gji{u}) e \J{3< ® L^{G/N^)), 
this defines a unitary implemented Cech cocycle, therefore it is a boundary, 
i.e. there are 1° : ü,- ^ \J{3< (g) L^{G/N^)) such that ijiu)-'^ l°{u) = I^k® 

^G/N^ (^jK«)). Note that this need not be true for A.^^^ (^//(m)) alone as G/N^ 
may be finite, L^{G/N^) finite dimensional and U{L^{G/N-^)) not contractible. 
Weconclude that there existsa family A,- : U, Map{G/N,'PlJ{Dii^L^{G/N^ )® 
L2(G/N)(g) such that this family permits lifts /; : ü; ^ Map{G/N,U{'K<S) 
L\G/N^) ® l2(G/N) ® M)) such that 

= (34) 

For example we may take A, (m) (z) = Ad{l^{u) 1 (g) l), but it will be impor- 
tant that we allow ourselves to have the freedom of a more flexible form of 
A,. One should also note that equation l|34)l is stated for unitary and not for 
projective unitary Operators. 

We define a family (of local isomorphisms ) ßf : Uj — > Map(G/N,FU(Jf ® 
l2(G/N^) ® l2(G/N) ® ?{)) by 

di{u)iz) := A,(m)(z) (1:k®1l2{g/n^)®<("'2)) 

Ad((lj^; ® K^iz, ..) ® 1^) (l^K ® ^i{u,Z, ..))) 

which we use to define another family (of cocycles) 

^if^"" : Ui Zio„t(G,Map(G/N,PU(M® l2(G/N-L) ® L^{G/N) ® %)) 

by 

?/fy"(M)(/i,z) := !?,(«) (z + /zN) 

Ad(^{m,{u){h,z) ® 1l2(g/n) ® I^k) 

!9,(i/)(z)-i. (35) 
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The Stabiiised pair (Pdyn, Edyn) := (PU(?f ® L^iG/N^)) ® P, E) has transition 
functions gji, l^^J"^ := 1 (g) 1l2(g/n^) ® ^i'' ^'^'^ "^l^™ ^^^^^ ^dyn) 

the family {}if^^}iei defines a dualisable decker p'^^". To verify this we have to 
check that 

Although lengthy, this is a straight forward calculation. Indeed, we have® 

Fl'''{Kgj.+zrHf''{^+hN)4y''{Kz) 

= üjigji + z)Ad{{mj{h,gji + z){..)-^ ® 1 ® ® {&{..), -/;) ® 1 ® l)) 
^jigji + z + hN)-\l ® 1 ® ^iiz + hN))ßi{z + hN) 
Ad((m,'(/z,z)(..) ® 1 (g) ® {^{■■),h) 01® l))!?/(2)"^ 

= + z)Ad(()«^'(/z,^y; + z) (..)"^ » 1 » » (^(..)/ » 1 » l)) 

Ad((l (g + z + hN, ® + z + /zN, ..)"^ (g 1)) 

(l®Ad(Ag^^^(g^-,))®C;,-(z + ^N)) 

Ad(^(l® K^(z + /zN,..) ® 1)(1® z;,'(z + /zN,..))) 

Ad((m,-(/j,z)(..) ® 1 (g (g .),/!> (gl® l))!?/(z)~^ 
= ßj{gji + z)Ad{{mj{h,gji + z)(..)"^ (g 1 (g (g -/z) g) 1 g) l)) 

Ad(l ® Ag^^^ (gy/) 1 (g 1) 

1 ® Ad(ü^'(gy/ + z + /zN,^y,- + ..)-^ (k^(z + /zN,^y/ + ® 1)) 

C),-(z + hN)) Ad((;r(z + /iN, ..) ® 1) i^^z + /zN, ..)) 
Ad((m,-(/i,z)(..) g) 1 g) g) {a{..),h) (g 1 (g l))!?;(z)"^. 

The expression inside the squared brackets can be rewritten by equation (|25] |. 
This reads 

... = dj{gji + z)Ad{{mj{h,gji + z){..)-^ ®1®1){1® {&{..), -h) ®l®t)) 
Ad(l ® Ag^^^ (^yi) ® 1 ® 1) 



lg) 



Ad(C'y,-(-)) {Aj^{z + hN)®t®t) 



Ad((m/(/j,z)(..) (g 1 (g l)(l(g {cr{..),h) g) 1 g) l))!?/(z) 
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If we insert furthermore the results of the previous lemmata, we obtain 

... = ßjiz)Ad{{mj{h,gji + z){..)~'^ (g)l(E)l){l(E} {a{..),-h) (E}1(E)1)) 
Ad(l®Ag^^^ {gji) (8) 1(8)1) 



(36) 



Ad(l ® C'jii-)) (1 ® ßji{z + /zN) ® 1 ® l){Ad{wji{z + hN) (..))«) 1 ® l) 
{yji® 1® l)Ad{{mi{h,z){..) l(g)l)(l(g) {d-{..),h) ® 1 ® l))!?/(z)"i 
!9/2) Ad(l ® Ag^^^ {gji) ®t®l) 

Ad{{l® t'ji{-)){'^® {&{:+gji) -&{■■), o-{gji + z + hN) -h) (E)1(E)1) 



{zuji{z){..) 01® 1) ) (7.-,-(g) 1 ® 



(37) 



As cr(gyj + z + /zN) - h and cr( 
the identity 



in 



z) differ by some element in N, we obtain 



+ gji) - ^i-), (^{gji + z + hN)-h) 
^(- + gji) - H-)'^{gji + z + hN)-h- cr{gj, + z)) 
H-+gii) -H-)'<^{gji + z)) 
gjM), o-{gji + z + hN)-h- cr{gji + z)) 

^{■■+gji)-H--)>(^{gp+z))- 



(38) 



Therein the first factor is a scalar and the second defines /3y, . So the main calcu- 
lation continues 

... = ßj{z)Ad{l®Kg^^^{gji)®l®l)Ad{{l(>^l'ji{,.))) (39) 

(1 ® ßji{z) ® 1 (g) l){Ad{Wji{z){..)) (g) 1 ® l){jji (gl® l)!9;(z)^\ 

and again by equation l|25] l 

... = !9y(2) Ad(l®Ag^^^(^yO®l®l) 

1 (g [Ad(i;y(gy,- + Z,|y,- + ..)-! (r (Z,gy,- + ® l)) 

(l®^;,(z))Ad((r(z,..)®l)z;,(z,..))]i?Kz)"' (40) 
= !9y'(z) 1® Ad(i;;(gy,- + z,-)"^ (r(z,..)-^®l)^ 

Ad(l®Ag^^^(gyO)®^;,(z) 

1® Ad((r(z,..)®l) i»,(z,..))!9,-(z)- 
= l®l®^y7(z) 

= ^T^-)- 

This shows that the pf^'^s define a decker p'^^" on (Pdyn/ ^dyn)- By construction 
p'^y" is dualisable, because {h,z) ^ {mi{ii){h,z){..) ® 1 ® ® {cr{..),h) ® 
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1 l) is a continuous and unitary implemented 1-cocycle. 

Step 2: TheconstructionofStepldefinesamap J^"(ß) : Top^'(ß) J'(Dyn+(ß)) 
and <5^^(ß)(x) is a Q^j-torsor, for each x e Top^^(ß). If x is strict then there is 
a distinguished (j(Qg^jj)-subtorsor X'^y", and if x is in the image of T(ß) we 
Single out a specific element x^ e X'^>''^. We then just define ö^{B){x) := X'^y" 
and 3""{B){x) := x^ in the respective cases. 

We have to show that all choices involved do not change the class of the dy- 
namical triple (p'^y^, Pdyn/ Edyn)- That the choice of the atlas has no effect on the 
class of the constructed dynamical triple is rather obvious. It is less obvious for 
the choices of A, (or Z,), and the homotopy class of k, i.e. the choice of an 
isomorphic topological triple. We convince ourselves that three other choices 
of these define exterior equivalent deckers. 

Firstly, if we choose another A,-, say A'- = Ad(Zj 1® l), then by equation 

|[34t the family v,(m)(z) := A,(m)(z)A',^^(m)(z) defines an automorphism of 
Pdyn/ arid the Cech class of this automorphism [v] e H^(ß,U(l)) vanishes. 
Thus we are precisely in the Situation of Example l2.1l 

Secondly, equation l l32t shows that m, is unique up to functions n, : Li, 
ZI^^^{G,MMG/N,L'"{G/N^,\J''^{:K)))) suchthat ög^gu, = 1. We change 
the atlas of the the constructed dynamical triple such that we have transi- 
tion functions ^|-(u)(z) := dj{u){gji{u) + z)~-^^y/(M) (z)!?/(m) (z) and cocycles 

}i]{u){h,z) ■- Ad((m,-(M)(/i,z) ® %(G/N) ® 1j<;)(1:k® ® 1l2(g/n) ® 

Ij^)). Assume is changed by n,. Then because of the commutativity of 
U^^(:H;) we have ni{u){h + g,z) = ^]{u){g,z) "i {h, z + gN))ni{u){g, z); 
and because of the A;-terms in i?,- we have that ^|.(w)(z)(n,(M)(/!,z)(..)) = 
ni{u){h,z){.. — gjj{u)) = nj{u){h,gji{u) + z){..). So c,- := n,- defines an exte- 
rior equivalence (Definition l2.5t . 

Thirdly, if k' is homotopic to k, the Cech class of the bündle automorphism 

k' o vanishes, and the change of /<f caused by this automorphism is again 
covered by Example l2.1l 

Let US now discuss the choice of X -- always have the freedom to change 
it by a cocycle S 'Z}{U,, Z\^^^ ( G, Map ( G / JV, U ( 1 ) ) ), ) . The consequence 

is a change of by : ü,- ^ Zi„^t(G,Map(G/N, L~(G/N-L,U^''(5{)))) such 
that ögygm] = xl- It is clear that if x\ = ^gX^ is a boundary, then the deckers 
jo'^y" and p'^y"^ which correspond to m, and m, mj are exterior equivalent, for 
we can define := x\m\, so ^gy^n, = 1 which leads us to the case we already 
discussed above. If the class [x^] does not vanish, then it follows that the cor- 
responding deckers are not exterior equivalent and the corresponding triples 
are not stably outer conjugate. 

Thus it follows that for each [x^] G we get a different dynamical triple, 
and we define ^^^(ß)(x) c Dyn'''(ß) to be the set of these dynamical triples. 
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It is obvious that Qg acts freely and transitively on ^^^(ß)(x), i.e. it is a Q^- 
torsor. If the triple X is strict, then we can choose such that ;fy;(M)|N = 1, and 
this property is preserved by the action of q{Q^^j^) C Q^. So we singled out a 
specific (/(Qg/^)-subtorsor X'^y" c ö'''{B){x), and we define S'-{B){x) ■- X'^^^. 
If X is in the image of T(ß), then we saw in in the proof of Lemma [3 . 5 1 that Wjj 
satisfies d^Wji{u){z) E U(l) ■ 1, so it is meaningful to define Xji '■= d^,Wji. Then 
we let E X'^y" be the dement which corresponds to this particular choice of 
X.., and we put <5™(ß) (x) := x^. 

Step 3: Ö"^{B) o T(ß) = id^yj^+j-gj, so T(ß) is injective and ^(ß) is surjective. 

The formal calculation is similar to to what we did in the of the proof of Theo- 
rem |3]2l 

Let {p,P,E) be a dualisable dynamical triple having transition functions 
gji, and cocycles f/;. Recall the definition of T(ß) in particular of the topologi- 
cal triple (k*°P, (Ptop, E), (P, E) ) out of which we must compute (p'^y", ^top^yn' ^) 

Ptop^^^ = PU(Jf ® L^{G/N^) ® L^{G/N)) ® P is stably isomorphic to P 

and we shall compute jif^'^- We first give one possible, explicit formula for 
A,(m)(z). Let J: L2(G/N-L) ^ L2(N)bethe inverse Fourier transf orm, then 

and the definition of gjj implies 

Ad(Ag^^^ ®^;°P(«)(z) 
= Ad((5-i® 1® 1)o^.(m)( .,gy,-(M) + z)-1|no (J® 1® 1)) 
1 ® ^*°''(m) (z)Ad((5-^ ® 1 ® 1) o ]7,.(m) ( . ,z) In o (3^ ® 1 ® 1)) . 
Therefore we have 

//(m)(z) = ((i®y"^®i®i)o(i(g)-^,.(M)(.,z)|N)o(i®y®i®i) 

e U(J{® l2(G/N-L) ® L^{G/N) ® 3i) 

which is continuous by Lemma |3]T] (/), hence A,(u)(z) = Ad(Z,(M)(z)). From 
the local definition of k'°P in equation (|2T] | we read off that 

k/(m)(z,z) = k"(m,z) k'^(z,z) Ad(z;,(M,z,z)) 

for k"(u,z) := Ad(f<,(u)(— cr(_),z)^^) and j7,(m,z, z) := Ag^j^(z) ® 1. In the 
proof of Lemma [3.5l we already observed that in the case of a topological triple 
constructed out of dynamical one we have d^zVjj{u){z) E U(l) ■ 1, and by the 
definition of ^™(ß) we choose x.. •= d^iv,,. Therefore we can choose m, = 
1. As a consequence the first J{-slot of the tensor product J{ ® L^{G/N^) ® 
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( G / IV) ® M will contain the identity Operator 1 only. We have all ingredients 



/^fy"(/z,z) = ßi{z + hN){l(g> {&{..), h)®l®l)ß,{z)-'^ 



= Ad((l(g)J ^ (g) l(g)l) o . ,z + /zN)|Af o (l(g) 1) 



/7,.(-(7(.),z + hNy'^) 
(1 (E) K^{z + hN, ..)){1(E)1(E) Ag^j^(z + /zN) ® l))) 

(^(..),^>®1®1) 
(1 (g) 1 (g) Ag/j^(-z) ® 1)(1 (g) K^(z + /iN, ..)"^)) 
(l(gl(g/Z,.(-£r(_),z)) 



(1 g) J"^ ® 1 ® 1) o 1 ® . ,z)|]v)~^ o (1 g) J'® 1 ® 1) 



Since (3^(g l) o {d-{..),h- (7{.+ hN) +(7{.)) o ® i) = A^(/! - (T{.+ hN) + 
cr(_)) e U(L2(G/N-L) ® L^{G/N)) and by the cocycle identity for this trans- 



= Ad(^(lg) J"^ (g l(g 1) o (l(g-^.((r(_) + .,z + hN-J)) 

(1 (g Ag/j,(/lN) (g 1 (g (g (/l - + /iN) + cr(_))) ® 1) 

(1 + ■ ,2 - o (1 (g 3^(g 1 (g 1)) 



Ad(^(l(gy"^(gl(gl)o 

(1 (g Ag/j,(/!N) (g 1 (g (g A^ (/i - a{_ + hN) + cr(_))) (g l) 

(l(gfI,-(t7(. + ;jN) + . +/z-Cr(_+/zN)+£7-(_),Z-_)) 

(l®(/7,(-£r(_)- .,z))) 
o(lg)5'g)10l)) 



= Ad(^(l® J~^(gl(gl)o 

(1 (g Ag/^(/!N) (g 1 (g A^ (/z - a{_ + hN) + cr(_))) ® l) 
(1 (g 1 g) 1 g) (^,-(/z,z))) o (1 ® 5-(g 1 g) 1)]. 



Let S : L^{N) (g L2(G/N) ^ L^{G) be the isomorphism introduced on pagel47l 
There we discussed its behaviour with respect to the left regulär representation 
on L'^(G). This leads us finally to 



y.y'^{u){h,z) = Ad(^(lg)5-i®l(gl)o(lg)§-ig)l)o 
(1®AJ/z)®p,.(m)(/z,z))) 

o(ig)§(gi)o(i(g3'®i®i)y 



together to compute f'f ^" ® ■ 



forms to 
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Thus we have shown that {p, P, E) and {p'^'^^, Ptop^^^y^, E) are outer conjugate. 

Step 4: We compute T(ß) (^^) (ß) (x) ) which will complete the Statement of (b). 
In particular this calculation shows that T(ß) o ö^^{B) = idij^j^-^g)). 

Let (k, (P, E), (P, E)) be a topological triple with underlying Hilbert space 3i = 
L^{G/N) ® IK. For the first steps we only need the assumption that the triple 
is almost strict. So let (p'^y", P^y^, E^y^) be the dynamical triple which we con- 
structed in Step 1 . As we saw Ejyn is nothing but E itself . From this dynamical 
triple we are going to construct the topological triple 

(k'°P, (Pdynjpp/ £dyn)/ (^'dyn/ Edyn)) 

(according to the construction of T(ß)) which we then have to compare with 

{k,{P,E),{P,E)). 

To compute the dual pair (Pdyn/Edyn) we with determination of 4'^!^" f^e 
second term of the total cocycle {xp'^y^,(p'^'y^,l) of the constructed dynamical 
triple {p^y'', 

^dyri' ^dyn)- equation (|161 , the restriction of (pj^ to N defines 

the (the cocycle of) bündle E^y^. 

The definition of the cocycles f/f^" of the decker p'^^" contains A,. We make 
use of the possibility to choose A,(m) (z) = Ad{l^{u) 1 l) as we explained 
in Step 1. In Step 2 we saw that this choice does not have any effect on the level 
of equivalence classes. Assume that the atlas is sufficiently refined and consists 
of contractible charts such that the foUowing continuous lifts exist. Lifts of the 

transition functions f^/'' = 1 ® 1 ® and lifts : U; L~(G/N,U(5f)) 

of k" which we use to define unitary lifts jtf^^ of fif^"^ according to l|35|l in the 
obvious way, i.e. we drop the Ad. Let öji : Uji — > L°°(G/N,U(1)) be such that 

aji{u){z,z) = öji{u){z) {a{gji{u)+z) - a{z),a{gji{u) + z) Wji{u){z){z) ^ji{u), 

for a lift 7^, : Uji — > U(?{) of 7y,; therein all notation is as above. Then by 
definition 

^■r{u){h,z) 

and if we repeat the calculation of Step 1 on the unitary level, there are four 
equalities which must be modified by U(l)-valued functions. Namely, equa- 
tion (|36|l by J(m) (z + hN), equation (|37l l by Xji from equation l|32t , equation ll39l 
by the scalar term of l|38l l and equation (|4Ül l by 6{u) (z)^^. We finally find 

<p'^r{u){h,z) = {g..{u),a{gji{u)+z + hN)-h-a{gji{u)+z)) 
Xji{u){h,z) idöji{u)){h,z). 
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It foUows that Edyn = £ if and only if the topological triple we started with is 



these bundles are (u) := (m)( ■ ,z)|n) ^ = gji{u) Xji{u){- ■ ,z)|n- 



This proves (b). 

To complete the computation of the dual we have to compute 



d^'' : Uji Map{G/N^,FU{L^{G/N) ® 3^ ® L^{G/N^) ® L^{G/N) ® 3^)). 



by equation flSl l. The reader should not be confused by the two different 
L^(G/N) factors in the tensor product. The first is due to the stabilisation in 
the definition of the dual dlSt , and the second is due to the Hilbert space we 
Started with which is ( G / N) ® 3{. We use the symbols ^ and _ to distinguish 
multiplication Operators on the two Hilbert Spaces; ^ for the first factor, due to 
the definition of the dual and _ for the second factor as we did all the time. The 
dual transition functions are given by® 



(^r'{-^)){cl>f"{-a{^),Or' ® 1 ® 1 ® 1 ® 1)) 



= Ad(^(l®/|'® 1® 1) 

{'^"{-giu g^lr + z)(E)l(E)l(E)l(E)t) i^G/Ni-gji) (E)t(E)t(E)t(E)t) 

{t®l®K^{gji-^)){l(x)l(x)K^{gji-^,gji + z)(x)l) 

Vj{gji-^,gj, + z)) (1 ® 1 ® Ic'^igji + z)) 
(1 ® 1 ® Ag^^^ {gji) ® 1ji{z)){aji{-^,z) 
(1 (g) 1 (g) Kf(z)"i)(l (g) 1 (g) Z7,-(-_,z)~^) 
(1 (g 1 (g K^(-_,Z)"1 ® 1)(1 (g 1 (g K^(-^)~^) 

{cp'll^{-cr{^),Or^ (gl(gl(gl(gl) 
(lg)Z°~^(gl®l)), 





Ad(^iK^{-gji,gf" + z)(gl(gl(gl(gl) 
(Ag/j,(-g^',')(gl(gl(gl(gl) 

(1 (g (g 1 (g l)(^'|.^"(-cr(_),0)"^ (gl(gl(gl(gl) 



By equation | |25] l this is ® 
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and if we insert the f ormulas f or k^, OLß and i^y •'^ from above, we end up wiü^ 
... = Ad((l®/)'® 1® 1) 

(101® (^(gy, + z), - ^^■,-+_) - a{_)) ® 1) 
(1010 Vjigji-^, gji + f) ) (1 1 kJ {gji + z) ) 

(1010 Ag^^^ (^^-O 0^^-,-(z))(^^-,-(-^) 01010101) 
ÜHgji + z) - <^(z)''^(^; — -)) 01010101) 

{Wji{--^){z) 1 1 1) (1 1 1 1) 
(1 1 (z)-^)(l 010 l',-(-_,z)-^) 

(1010 (ö-(z), -cr{-+^) + (r(.)) 1) 

(1010;c^(-_)-i) 

{[{gp'^igji-^) + '^(^) - (^{gp)) Xii{-(r{^),0) 
{d6ji){-a{^), 0) ] 1 1 1 1) 

(10/?~^0101)). 

It foUows from the definition of 7^,- that Ad{wp{u){Q){z)~^) — Jji{u), so af- 
ter some further marüpulation with all the (. . . )-expressions this finally trans- 
forms to® 

... = Ad((10/°0 101) 

(1010kJ(-_)) 

(1010 {d-{gji + z), -d-(^) + cr{.+^) - cr(_)) 1) 
(1010 Vj{-^,gji + z)) (1 1 Ic'ligji + z)) 

K/Ni-gjr) «510 Ag^^^ {gji) tjiiz)) 

{Wji{-^){z) WjiiO){z)-^ ;t;i(-'^(-).0)-i 010101) 

(1010 (z)"^)(l 010 ü;(-^,z)"^) 
(1010 {&{z),cr{^) - cr(.+_) + (r(.)) 1) 
(l010;c^(-_)"^) 

(10/°"^0101) 

ÜHg'lr + ^) - Hgji + z), -(T{^-gji) + cr{^)) 01010101)). 
So far we did not use that the topological triple we started with is strict and 
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that we want to compute the composition T(ß) o (ß) . We use this now, so the 
G-slot of Xji factors through G/N and in particular = gji, so we find 

... = ri'j{u,gpiu)+z) {^ji{u){z)®Cjt{u){z))ril{u){z)-^ 
wherein we have used the short hands 

^j,{u){z) - Ad([(A^^J-g^,(w))®l)ii;^-,(")(-^)(2)zi;;,(")(0)(2)-i 
Xjiiu){-a{.^),0)-'] ®A^^^^{gji{u))) 
e U{L^{G/N)(E}3<(E}L^{G/N^)) 

and 

f]'i{u){z) ■- Ad(^(l®/°(M)®l®l)(l®l®Kf(u)(-w-)) 
(1 ® 1 ® (Ö-(z), -cr{^) + cr(.+_) - cr{_)) ® l) 
(1 (g) 1 (g) Ü/(W, -_,Z))(1 (g) 1 /cf (m)(z))^ 
e PU(l2(G/N) ® J{ ® l2(G/N-L) ® L^{G/N) (g ?{). 

At this point we can read off that the bündle defined by is trivialisable if 
X~^d^zvji = 1 which is the datum we must consider when we compute T(ß) o 
S'^^iB) (cp. Step 2). In this case let : ü; ^ Map(G/N^,U(L2(G/N) ® 5{ (g 
l2(G/N-L))) besuch that Ad(x^(M)(gy,(M) + z)x,(M)(z)-i) = ^y/(u)(z). Then 
we have shown that j//(m)(z) := t]'-{u){z) Ad(x,(M)(z) ® l(gl) defines a f amily 
of local isomorphisms which fit together to a global isomorphism of principal 
bundles rj : Ps ^ fdyn- The subscript s denotes stabilisation with respect to 
the Hilbert space L^iG/N) (g J{ (g L^(G/]V-L). We claim that the topological 
triple (k, (P, E), (P, E)) and the constructed triple (k^P, (Payn^p. E). {%n, E)) 

are equivalent; k'°P is defined by equation (|2Tl l out of /if^"- This will prove the 
identity T(ß)o^(ß) = idjj^|-^^gj. We show that the diagram 



Pc X R E ■ 



E Xß Ps 



idx r] 



E X B f dyn 



commutes up to homotpy. Locally, this means that there exist continuous maps 

Vi : Ui X G/Nx G/N-L ^ PU(L2(G/N) (g Jf (g l2(G/N-L) ® l2(G/N) J{) 
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such that k:°P(m)(z,z) J?/(m)(z) = (l (g) 1 (g) 1 (g) k,(m)(z,z)) Ad(V^-(M,z,z)). To 
prove this we will use that the projective unitary group is homotopy comuta- 



= Ad ((^(z),£7-(_-z) -C7(_)) (g)l(g)l(g)l(g)l) 



= Ad[{{&{z),cr{^-z) -C7(_)) (gl(gl(g)l(g)l) 



(1 (g /° (g 1 ® 1) (1 (g 1 (g 1 (g (z) ) 

(lg)lg) {d-{..),cr{_-z) -cr(_)) g)l) 

(l(gl(gJ7;(z,..)) 

(l(g (C^(..),(7(^)) ®1® 1) 

(m/(-c7(_),z)(..)"^® 1® 1) 

(l(gü/(z-_,..)"^) 

(1 (g - + c^(-)) ® 1) 

(1 (g 1 (g 1 (g K^(Z-_)"^)(1 (g g) 1 (g 1) 

(Ag^j^(z)(glg)l(gl(gl) 

(1 (g /° (g 1 ® 1) (1 (g 1 (g K^(-^)) 

(1 (g 1 (g (^(z), + Cr(_+_) - C7(.)) ® 1) 

(I(gl(gü;(-_,Z))(1® 1® Kf(z)) 



We see that the terms k"(m)(z) and k|'(w)(z) occur. All terms with / •', ot/, ü,, 
are continuous imitary maps The only bracket (...) terms not continuous as 
unitary maps are the two terms in the first and third last line. If we collect 
them, we shall better pay attention to Ag^j^(z) which acts in the v_.-variable. 
Then these two terms equal 



{cr{z),a{_+^-z)-a{_)-a{^)) 
= {a{z),a{_-z)-a{_)) 

(c7(z), - z) + a{. -z) - ct{^)) 
= (l(gK^(z,z)) {z,-a{_-z)+a{.+^ -z) - cr(_)) 

e u(l2(g/n)®l2(g/n)) 



tive in the sense of CorollarylÄil We have® 



K. P(Z,Z) t]i{z) 
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and the second factor is continuous as a unitary map. Therefore we have 

K°'^{u){z,z) i]i{u){z) =...= (1®1®10<(m)(z)) 

(l(g)l(g)10K''(z,z)) 

(l(g)l(g)l(g)Kf(M)(z)) Ad{Vl{u,z,z)) 
= (1(8)1(8)10k,-(m)(z,z) Ad(V,-(M,z,z)), 

for suitable continuous unitary maps Vi, Vi, and we are done. 
Step 5: Naturality. 

In the same way as we already stated for r, we have a commutative diagram 
Top^(ß) T(Dyn+(ß)) 



/* 



Top - (ß') ?(Dyn+(ß')), ? = as, s, im, 

for each continuous map between base Spaces f : B' ^ B ■ 

Definition 3.3 Let P ^ E ^ Bbea pair over the base space B. We say that this pair 
has an extension to a topological (resp. almost strict topological, strict topological, 
dynamical or dualisable dynamical) triple ifthe class [{P,E)] e Par(ß) is in the image 
of the forgetful mapfrom topological (resp. almost strict topological, strict topological, 
dynamical or dualisable dynamical) triples over B to pairs over B. 

Corollary 3.1 Let (P, £) be a pair over B. Then thefollowing are equivalent: 

[i) (P, E) has an extension to a strict topological triple; 

[ii) (P, E) has an extension to an almost strict topological triple; 

[iii) (P, E) has an extension to a dualisable dynamical triple. 

Proof : This is an ünmediate consequence of the previous theorem. ■ 
3.3 The Gase of G = R" and N = Z" 

So far we kept our analysis completely general in the sense that we did not 
specify the groups G, N . We now turn to the important case of G = M" with 
lattice N = Z", n = 1, 2, 3, ... . In the whole of this section we use the nota- 
tion T" := R'VZ" for the torus and t" := ]R"/Z"-^ for the dual torus. There 
should be no confusion to decide between T" and the dual group T" = Z". 

The first thing we should check is that in case of G = M", N = Z" our def- 
inition of topological triples agrees with the one introduced in IIBRSI . 
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The definition of T-duality triples in IBRSI Def. 2.8] differs in two points 
from what we stated in Definiton 12.91 The first point is that they use the lan- 
guage of twists |BRS, A.l] instead of PU(IK)-principal fibre bundles to model 
T-duality diagrams. But the category of PU(Jf )-principal bundles with ho- 
motopy classes of bündle isomorphisms as morphisms is a model of twists, 
and our notion of stable equivalence of topological triples leads to the same 
equivalence classes as twists modulo isomorphism. This, because the notion 
of equivalence we use for topological triples requires the commutativity of di- 
agram (O only up to homotopy. To explain the second point let us consider 
the filtration of H^{E,Z) associated to the Leray-Serre spectral sequence 

C F^H^{E,Z) c F^H^iE,Z.) c F'^H^{E,Z) c H^{E,Z). 

By definition, an element h E H^{E,Z) is in the subgroup F^^^H^{E,Z) if for 
any Ä:-dimensional CW-complex C and any map / : C — > ß /z is in the kernel 
of the induced map /* : H^{E,Z) H^{C E,Z). In our definition of a 
topological triple {k,{P,E),{P,E)) we require that the class [P] e H^{E,Z) 
of the bündle P — > E lies in the subgroup F^H^{E,Z) which is equivalent to 
the requirement of the triviality of P over the fibres of E — > ß (see Definition 
12.2b : analogously for P. In [BRSJ the definition of T-duality triples requires 
that the class [P] is even in the second Step of the filtration [P] e F-^H^{E,Z); 
analogously for P. The following lemma states that in the case of G = IR" and 
N = Z" these two conditions are equivalent. 

Lemma 3.7 Let G = IR" and N = Z", and let (k, (P, E), (P, E)) be a topological 
triple over B, then 

[P] e F^H^{E,Z) and [P] e F^H^{E,Z). 

Proof : Let C be any 1-dimensional CW-complex and f : C ^ B any contin- 
uous map. We have to show that the class [P] is in the kernel of the induced 
map /* : H^{E,Z) H^{CxbE,Z). As C is 1-dimensional, H^{C,Z) = 
and there are no non-trivial torus bundles over it. Thus, if we pull back the 
topological triple {k,{P,E),{P,E)) along /, it becomes 

(kc, (Pc, C X b E ^ C X T"), (Pc, C X b E ^ C X t")) 

and the centre part of the corresponding diagram degenerates to the projec- 
tions 



C X T" X t' 




C X T" C X t". 
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with the obvious inclusions and projection, so the diagonal composition is the 
identity. When we apply the the cohomology functor ■ ,Z) to this diagram 
the vertical arrow becomes zero as it f actors over H2(C,Z) =0,butas/*[P] = 
[Pc] G H^{C X T",Z) is mapped by the identity from the left lower to the 
right Upper group and as [Pq] and [Pq] equal when pulled back to H^(C x 
T" X T",Z), we conclude it is zero, since its image in the right upper group 
coincides with the image of /* [P] = [Pc] under the vertical arrow. 

This proves that f*[P] = & {C x g E,Z) and the same argument shows 
that the corresponding Statement is true for [P] . ■ 

So we observe that our functor Top : {base spaces} — > {sets} is the same 
functor which is introduced in IIBRSI Def. 2.11] under the name Triple,,, and 
below we are going to use a central result of [BRS| about this functor, namely 
that the functor Top = Triple„ is representable by a space R„ (see Lemma [3.91 
below). 

We now want to discuss Theorem 13.41 in the case of G = M", N = Z". In this 
case the question which of the topological triples are almost strict has a triv- 
ial answer and also the torsor structure of Theorem 13.41 becomes trivial. The 
criterion we make use of is the following lemma. 

Lemma 3.8 Let Zbea topological abelian group which is contractible as topological 
Space and is equipped with a continuous (right) G / N-action. Then 

ff'{B,Z,[g„]) =0 k = l,2. 

Proof : Similar to the proof of Lemma [331 the proof makes use of the Standard 
Zorn's lemma argument. 

k=l: Let {Ujjj^i be an open cover of B, and let cp„ e Z^{U,,Z) be a twisted 
1-cocycle. We shall construct functions Xi '■ Uj ^ Z such that (ä^x)- = f - - ^ 
is paracompact, hence without restriction we can assume that even the closed 



73 



Cover {ii;} is locally finite and all (pij are defined on the whole of Uij. Let 

K:={{J,X.) I JClJoraüjeJ-.xr-Üj^Z, 

such that for all j,k E J and u E Ujj^ : 
Xj{u) XkW)-^ ■ gkj{u) = f/cjl")} 

K is non-empty, since ({z}, {ipn}) E L, for each f E I. We define a partial order 
on K such that every chain has an upper bound. We let (/, x.) < (/'/ x'.) if arid 
only if / C /' C / and = Xj/ for all / G /■ By Zorn's lemma, let {J,x.) denote 
a maximal element of K. 

Assume / 7^ /, so there is some a E I\J. Let R := [jj^j{Uj n LZ«) C Ii«. 

For u E R we define Xa{u) cpja{u)xj{u) ■ gja{u) Hu E Uj. This definition is 
independent of / E J. We end up with a diagram 

R^Z 



/ 

Ua 

Since our cover is locally finite, R is closed, but Z is contractible, therefore an 
extension Xa exists IDDI Lem. 4]. This contradicts the maximality of (/, ^ )/ so 

k=2: Let <p... E Z^{U,,Z) be a twisted 2-cocycle. We shall construct functions 
Xij ■ Uji Z such that {ägx)... = f...- Again by paracompactness of B we can 
assume that even the closed cover {ü,} is locally finite and all fijj^ are defined 
on the whole of Uijjf. Let 

L:=[{},x..) I JClioTallhiEj-.Xii-Üij^Z, 

such that for all i, i,k E } and u E U-ijt; : 
Xji{u) Xki{uy^ Xkj{u) ■ gjiiu) = cpkjiiu)^ 

The set L is non-empty, since for each i E I {{i}, {fm}) G i^- We define a partial 
Order on L such that every chain has an upper bound. We let (/, x.. ) < iJ'rX') 
if and only if / C /' C 1 and Xij = x'ij> for all '/7 S /• By Zorn's lemma, let 
{},X-) denote a maximal element of L. Assume a E Then let 

Ma := { (X, I X c /, for all e X : :!Jfc„ ^ Z, 
such that for all k,l E K and for u E Uika 

^>ka{u) %a{uy^ Xkl{u) -ghiiu) = (plka{u)^ 
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The set M« is non-empty as for each 7 S / we find ({/}, {1}) S Ma- This 
because we always have 1 ■ 1 ■ Xjj{u) ■ gja{u) = fjjj{u) ■ gja{u) = cpjja{u). In the 
same manner as before, let (X, \p,a) < {K' , xp'u) if and only if X C X' C I and 
— '^'ka' k & K. < is a partial order on Ma and every chain has an 

Upper bound. Let {K,xp,a) be a maximal element. Assume b e J\K. Let S := 
likeK{UknUj,nUa) cUba. For m e R we define ipha{u) := (pkbaii')Xkb{u) ■ 
g"fcfl(M)~^'/'i:fl(")' if w G Ukbark E K. By a one line calculation we find that this 
definition is independent ofk E K. So we have a diagram 



n 



S is closed, since our cover is locally finite. Thus, since Z is contractible, there 
is an extension ipfj^ [DD, Lem. 4]. This contradicts the maximality of {K,ip,a), 
so K = }. We define Xpaa ■= faaa and then ipaj{u) ■= q>aja{u) ■ gaj{u)xpi,a{u) ■ 
gaj{u)~^^ia{u) ■ gaj{u), f or ; E }. We let /' := {a} U / and extend x.. to /' by 




It is straight forward to check that {]' ,x'.) G and as clearly {],X..) < W'X'..) 
we have a contradiction. Hence } = I, and the lemma is proven. ■ 

Theorem 3.5 Let G = IR", N = Z". Then every topological triple is almost strict, 
i.e. in this case Top^^(ß) = Top(ß). Moreover, thegroup defined in diagram (33i 
vanishes, hence the three natural transformations of Theorem \3.4\ reduce to one Single 
transformation 

S : Top — > Dyn^. 
Proof : By the lemma above, it is sufficient to show that 

Z:=Z,Vt(]R",Map(T",U(l))) 

is contractible. Then it follows that H^(ß,Z,g..) = {1} and every topological 
triple is almost strict. Because = H^{B,Z^g„) = {!}, the torsor struc- 
tures in Theorem l3.4l are trivial and we obtain a natural map S{B) : Top(ß) — > 
Dyn+(ß). 

We now show that Z is contractible. For a cocycle a E Z we have a(0) (z) = 
a(0 + 0)(z) = a(0)(z)a(0)(z) for allz E T", soa(0)(z) = 1 and each a(g) : 
T" U(l) is null homotopic as ]R" is path connected. Thus 

Z = Z,Vt(J^",Map(T",U(l))) = Z,Vt(]R",Mapo(T",U(l))), 
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forMapo(T",U(l)) := {/ ~ const.}. But for each a : W Mapo(T",U(l)) 
there exists a lift ä in 

Map(T'',]R") 

ä ^^^^^ 

W^— ^Mapo(T«,U(l)), 

and because of da = 1, we have dä = m e Z'^^^^{'R",Map{T\Z)) Z. Then 
a'{g){z) :=ä(g)(z) -mdefinesauniqueelementa' e Z^ont(]R"/Mapo(T",R)) 
such that a'{g){z)Z = a{g){z). In fact, the mapping a a' is a homoeomor- 
phism 

Z,Vt(K",Mapo(T",U(l))) ^ Z,Vt(]R",Map(T",R)), 

and the latter space is easily seen to be contractible hy h{t, oc') (g) (z) := t od {g) (z), 
t e [0, 1]. This proves the theorem. ■ 

Corollary 3.2 Let G = IR", N = Z". Then a pair has an Extension to a toplogical 
T-duality triple ifand only ifit has an extension to a dualisable dynamical triple. 

Proof : This follows from Corollary l3.1l and Theorem l3.5l ■ 

So far we have seen that in the case of G — M", N = Z" 

Top™(ß) C Top'(ß) C Top^"(ß) = Top(ß), (41) 

and the composition of the natural transformations t and S is the identity trans- 
formation ^ o t = id : Dyn^ Dyn^. The opposite composition / := t o ,5 : 
Top Top is an idempotent ] o ] — }. Unfortunately, inside our local theory 
we won't be able to answer the question whether / is the identity on Top, i.e. all 
inclusions in l|4T]l are equalities and ö and t are both equivalences of functors 
inverse to each other. Nevertheless we can give this appealing answer when 
we restrict the functors Top and Dyn^ to the subcategory CW c {bases Spaces} 
of CW-complexes (or, more general, of base Spaces with the homotopy type of 
a CW-complex). The point is that we can use a main result of |BRS| about the 
representability of the functor Topjcw = Triple,,. However, the Statement 
therein is not completely precise. We restate it for convenience. 

Lemma 3.9 ( IBRSi Thm. 7.24]) The functor Topjcw : CW {sets} is repre- 
sentable hy a space R„ e CW, i.e. there is an equivalence of functors 

Y:[.,Rn]=Top\cw{.), 

zvhere the squared brackets denote the homotopy classes ofcontinuous maps. 

The definition ofW is via pullback ofa certain topological triple Xuniv G Top(Rn) 
(the universal triple) over Rn;for B e CW, [/] e [ß, _R„] it is 

Y(ß)([/]):=rx^iv. 
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Further, it is shown in BBRSi See. 4] that the space R„ has an homotopy 
action of the so-called T-duahty group 0{n, n,Z) which is the group of 2n x 2n- 
matrices that fix the form 



Z^" 3 (fli,. . .,a„,hi,. ..,b„) J^ajbi e Z. 

So each element of 0{n,n,Z) defines a homotopy class of maps R„ Rn- In 
particular, the element 

(;:; ;;;)^°("-"'^> 

defines (the homotopy class of) a fimction T : R„ ^ R„. T is constructed 
such that T o T = idR,^ and such that the pullback T* : Top(R„) Top(R„) 
exchanges the underlying torus bundlea^^l To be precise, the construction of 
r is such that if [{k, {P, E), (P, E))] e Top(R„) is a topological triple, then T* 
maps this triple to a triple [{k', {P', E'), (P', E'))], such that E' E and £' E. 
Note that 



PxßE^ E XßP 




Rn 

is not a topological triples as the inverse of k does not satisfy the Poincare 
condition, but also note that 



P^xbE^ E XßP# 




Rn 



This is meaningful, as the case of the groups G = R", N = Z" is self-dual, i.e. G = G, N = N-'-. 
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is a topological triple, wherein the superscript # denotes the complex conju- 
gat43 bundles and isomorphism. 
We claim that 

T*[{k,{P,E),{P,E))] = [{{K-y,{P',E),{P*,m (42) 

In fact, by fBRS'. Prop. 7.4] the set of topological triples over Rn with fixed torus 
bundles E', E' is a torsor over H^{R„,Z) andby [BRS. Lern. 3.3] H^{R„,Z) = 0. 
In other words, there only exists one triple over R„ which has underlying torus 
bundles E' = E and E' = E, hence equation ll42l l is valid. 

The properties of the map T which is called universal T-duality enables us 
to prove the statement indicated above: 

Theorem 3.6 Let G = R" and N = Z". Then we have an equivalence offunctors 
S\cw : Topicw = Dyn'''|cw : t|cw- 

In particular 

Top™(ß) = Top=^(ß) = Top^"(ß) = Top(ß), 

for all B e CW. 

Proof : It suffices to show that }{B) = id, for all ß G CW. / is a natural trans- 
formation, so 

Top(R„) 'S^^L^ Top(R„) 

T* 

Top(R„) 'S^üL^ Top(R„) 

is a commutative diagram. But by construction /(ß) does not change the un- 
derlying pairs of the corresponding topological triples, for any ß, so by the 
commutativity of the diagram /(R«) at least does not change the underlying 
pairs and underlying dual pairs of the corresponding triples. That /(R«) is the 
identity, i.e. it does not change the equivalence class of the isomorphisms k, fol- 
lows from the trivial {R„, Z)-torsor structure of the set of topological triples 
with fixed torus bundles. Hence }{Rn) = id. 

Now, let ß G CW and x E Top(ß) be any topological triple. By the universal 
property of Xuniv/ there is / : ß — > R„ such that x = /*Xuniv and, by naturality 
of/, 

/(ß)(x) = /(ß)(rx„,i,) =r(/(R„)(xu,i,)) =r(x^,) = x. 

So/(ß) =id,forallß e CW. ■ 



^*Complex conjugation may be defined by taking CK = /^IN and then defining the complex 
conjugate bundles and isomorphism by complex conjugation of the local transition functions and 
local isomorphisms. 
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We end this section with a remark on homotopic deckers. Its content is 
based on the fact that the functor Top|cw — [ • / ^n] is homotopy invariant. 

Remark 3.4 Let (P, £) be a pair over B e CW, then (P x [0, 1], E x [0, 1]) is a 
pair over B x [0, 1]. Let [p, P x [0, 1], E x [0, 1]) be a dualisable dynamical triple - 
in other words p is a homotopy of dualisable deckers po and pi on (P, £) - then the 
classes [{pQ,P,E)] and [{pi,P,E)] coincide. 

Proof : As the the inclusions ff : ß ^ ß x [0, 1], t = 0,1, are homotopic, we 
have an equality 

T{B){[{po,P,E)]) = zST(ßx [0,l])([(p,Px [0,l],Ex [0,1])]) 
= qT(ßx [0,l])([(p,Px [0,l],Ex [0,1])]) 
= T(ß)([(pi,P,E)]), 

and the claim follows from 6{B) o t{B) = id. ■ 

3.4 The Structure of the Associated C* -Dynamical Systems 

Let (jO, P, E ) be a dualisable dynamical triple and let us denote by F : = P x pu ( 
3C(?{) the associated C*-bundle. The decker p induces a G-action on F by 
{x,K] ■ g := [p{x,g),K] X e P,K e 3C(5{). This action defines another action aP 
of G on the C*-algebra of sections r(E, F) such that (r(E, F), G, ixP) becomes a 
C*-dynamical System. This action is given by 

{aPgs){e) := s{e ■ gN) ■ {-g), eEE,geG,se T{E,F). 

In the same manner we obtain a dual C*-d5mamical System (r(E, F), G, aP) for 
the associated C*-bundle F := P Xpu(^l2{g/n)0:k) ^{1^{G/N) ® 3i) of the dual 
triple (|0, E, P) of {p, E, P). The essence of this section is that we can establish an 
isomorphism of C* -dynamical Systems from the crossed produc{3 of the first 
to the dual C* -dynamical System (Thm. 13.8b 

{Gx^pT{E,F),G,aP) = {T{E,F),G,ocP). 

We are going to calculate the crossed product under a series of isomorphisms 
which again will be a local calculation. We start with the description of the 
simplest case, namely ß being a point. 

In the Situation of the trivial pair over the point B = {*} the sections can be 
identified with the continuous functions 

r(triv.pair) C(G/N, 3C(J{)), 
^^See the section on crossed products on page|92]for notation. 
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since any section s : G/N — > G/N x 3C(J{) is uniquely given by a function 
/ such that s(z) = (z,/(z)). Then the action of ^ G G on such a function / is 
obtained from 

= siz + gN)-i-g) 

= iz + gNJ{z + gN)-{-g) 

= {z,^{-g,z + gN){f{z + gN))) 

= (z,(?.(^,z))-i(/(z + ^N))) 

= : (z,«,/)(z)) (43) 

for the 1-cocycle }i determined by p. 

For the C*-algebra of the dual trivial pair over the point we have 

r(dualtriv.pair) ?^ C{G/N^,X{L^{N^, !{))). 

It will be convenient at some point to deal with the Hilbert space L?-[G/N, "K) 
rather than with L?-[G / N) ® "K. So we have to transform the cocycle p of 
the dual decker p from equation (|2Üt by Fourier transform J : L^{G/N) 

l^{g7n), 

and as in eq. | |43)| this gives us an action 

a^*^ : G ^ Aut(C(G/N-L,aC(L2(N-L,5f)))) 

by {^^*f\f){z) := (J.p)(^)(z)-i(/(z + xN^)),forx e G,2 e G/N^. 

The next lemma is a simple link between 3^* /} and the lef t regulär represen- 

tation on L^{g7n). E HomiG/N ,U {L^ {G/N))) is a continuous 

homomorphism. 

Lemma 3.10 There exists a continuous extension A E Hom(G,U(L^(G/N))) 
such that 

^gTn ^ 

G/N ^U(L2(G/JV)) 



G 

commutes. 

Proof : Let ß E G/N. The Fourier transform J turns {ß) into the multipli- 

cation Operator {-ß,-) = 3"-^ o A^{ß) o J e \J{L^{G/N)). Let er: G/N G 
be Our chosen Borel section. We define an extension of ß (— /5, _) by G 3 
X {Xr ~^{-)) ■ This is a strongly continuous homomorphism, and it fol- 
lows that A{x) '■= 3^ o iX' ~cr(-)) ° 3^^^ gives us the desired homomorphism 
A: G^U(L2(g7jV)). ■ 
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With the notation of this lemma and equation | |2Ü|| we can reformulate the 
defintion of J*//, we have (3^*p) (X/ z) = Ad{A{x) ® 1:k) which is the adequate 
formulajor the next theorem. Therein a denotes the natural isomor- 

phism G/N = c G which is defined by {c(.^,g) := {'X;gN). 

Theorem 3.7 Assume the considered dynamical triple over B = {*} is dualisable. 
Then there is an isomorphism of C* -dynamical Systems 

(g x„,, C(G/N,aC(Jf)),G,^?) ^ (^C{G/N^,%{L^{G7N,%))),G,a^*f^y 

Proof : First note that naturally 

G x^i, C(G/N,aC(J{)) ^ Cc(Gx G/N,aC(J{))"'" c Z{L^{G x G/N, 
wherein/ e Cc{G x G/N,%{:K)) actsonF e L^{G x G/N,:K)hy 

(/ X F) (g, z) = I (-g) (z) )-\f(h,z-gN))F{g- h, z) d/z. 
G 

We assume the dynamical triple to be dualisable, so we can lift y to a unitary 
(Borel) cocycle Ji : G x G/N U(J{). Note that for K e 3C(J{)) 

n-g,z)yi-g,z)-\K) = Ky{-g,z) : 5{ ^ J{. 

We now define a unitary isomorphism 

u : L^{G X G/N,:K) L^{G,L^{gTn ,%)) 
by the composition u := shift o (Fourier trans.) o multjjj'. y explicitely 

(MF)(x)(a) = (H(CyF)(x+a\-a) 

/ (x + a^.^> (-a,z)/7(-g,z)F(g,z)rf(^,z), 

GxG/N 

for X ^ G, a e G/N. The next step is to calculate ii{f x _)m~^. This is straight- 
forward, but to keep the calculation readable we first introduce some short 
hands: jF{g,z) := y{-g,z)F{g,z), fj{g,z) := f{g,z)-ß{g,zy^ and / the 



81 



Fourier transf orm in the second, the G/N variable only. Now 

M(/xF)(x)(a) 

/ I^X + '^^'S) i-'^'^) fi^'^-SN)}ii-g,z)F{g-Kz)dhd{g,z) 
GxG/N G 

= / l{x + ^^,g){-^,z)fjr{Kz-gN)jrF{g-h,z)dhd{g,z) 
GxG/N G 

= J J {x + ^^,g)fj{h,ß){ß,gN)^\g-h,{-^)-ß)dßd{h,g) 

= J j fj[h,ß){x + ^^+ß^,h)^{x + ^^ + ß^,{-<^)-ß)dhdß 
gJn g 

= J jL{x + a^+ß^,ß)^{x + <^^+ß^r{-oc)-ß)dß 

G/N 

= [ MX + 1^,1-'^) ^{X + 7^,-1) dj, (44) 

" V ' v ' 

G/N 

=:räK7) =uF{x){l) 

and we think of as a continuous family of Hilbert-Schmidt Operators f^* : 

G ^ aC(L2(G/N,Jf)),i.e. we do not decide in notation between the Operator 
{x) and its integral kernel. From the definition of the kernel P' we obtain 

Fix + 7) = Fix) ici + ß,7 + ß), oc,j,ße G/N, so the Operator Fix) 

satisfies the identity 

Fix + ß^) = ® l)/^W(Ag^(/5) ® 1) e XiL^iG7N,J{)), 

for the left regulär representation A^--^. We now use the chosen extension A £ 
Hom(G,PU(L2(G7]V,J{))) from Lemma|33Ü]to define : Cc(Gx G/N,aC(J{)) 
C(G/N-L,aC(L2(G7N,?f))) by 

iTjrFixN^) := (A(x) ® 1) /^W (A(x)~' ® 1) 

= Ad{A{x)(E>l))Fix)- (45) 
It is now a lengthy but straight forward calculation to check that, firstly, Tji 
commuteswiththe*-operation,i.e. Tji{f^){z) = (T^/)(z)*, for z e G/N^ and 
f^ig'Z) = }^ig)iz)^^ifi—g,z + gN)*). Secondly, preserves the product, i.e. 
Tjtifi X /2)(z) = Tjifi{z)Tjrf2iz). Thirdly, Tp- preserves the norm, i.e. [1/ x_[| = 

Moreover T-p- has dense Image, so it extends uniquely to a C*-algebra iso- 
morphism 

Tjr : G x„,, C(G/N,DC(J{)) ^ C(G/N-L,3C(l2(g7n, 
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It remains to show that Tji{a.t^^f) = oc^*f' ^{Tjf): 

By definition oci^^ is just the multiplication with the character x> so the 
Fourier transform gives us simply a shift in the argument by X- get 

Tjii^'M^^) = Ad(A(x')®l)r(x'+x) 

= Ad(A(x)-^ ® l)Ad(A(x' + X)®t) [fix' + X)) 

= ^^*fi^{Tj,f){x'N^). (46) 



The discussion in the previous theorem will serve as a description of the 
local Situation of the general case. Let {p, P, E) be a dualisable dynamical triple, 
and let {p, P, E) be its dual. We defined the associated C*-b;mdles F, F above. 
Recall the definition of gjj out of cpj^ (p. |39l . A priori there need not exist a 
continuous lift q)ji in the diagram 




but by Lemma lA.SI we assume without restriction that our atlas is sufficiently 
refined suchthat cpji exists. We define (p'ji{u){gN) := (pji{ii){g,0) {cpji{ii), g)~^. 
Although the function u f'jjiu) G L°°(G/N,U(1)) need not to be continu- 
ous, the function u Ad ( ip^- • ( m ) ) e PL°° ( G / N, U ( 1 ) ) is continuous by Lemma 
13.11 and we have the identity 

lpmn{u){g,hN) = (pnm{u){g + h,0) (pnm{u){h,Oy^ 

= Cpnm{u)ig + h) (p'„Ju){gN + hN) cpnm{u){h)~^ f'„^{u){hN)-^ 

= (p„m{u){g) d{(p'„,„{u)){g,hN). 
Theorem 3.8 There is an isomorphisni of C* -dynamical Systems 

(g x„pr(E,F),G,aP) ^ (r(E,F),G,af'). 

Proof : We generalise the proof of Theorem 13. 71 The sections s e r(E, F) are in 
one to one correspondence with f amilies of functions s/ G C ( LI, x G / N, %{%) ), 
i 6 I, which satisfy 

Si{u,z)=^ji{u){z)-\sj{u,gji{u)+z)), ueUij,zeG/N. (47) 
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Itis G x^^r(E,F) = Cc(G,r(E,f))"'", and foreach Chart ü/ of the pair (P,E) 
we have induced restriction maps 

G x^p r(E,F) ^ G x^,,, C(!J/ X G/N,K{3<)) 

u u 

Cc(G,r(E,f)) ^ C(!J„Cc(G X G/N,3C(J{))). 

The triple {p, P, E) is dualisable, so we can lift (if necessary after a refinement of 

the atlas) the cocycles f/,- to unitary Borel cocycles /Zj : JJ, —> Z^^^{G,L'^{G/N,U{JC))). 

For each such we define an Operator 

Ti : C{Ui,Cc{G X G/N,K{:K))) C(!J,- x G/N^,X{L^{g7n,3{))) 
as in equation | |45)| by 

r,/K",xN^) := = Ad(AU))/,(i/F''(")U), 

wherein we used the notation of equation (|44) l. In view of equation (|47)l we are 
interested in the relation between T,/, and Tjfj on overlaps Uij. So let m e Ujj, 
then 

/,(«F'("'W(«,t) 

gl 



/ fi{u){g,z) ^i{u){g,z) ^ {x + 7^,g) {7-oi,z) d{g,z) 
GxG/N 

[47t and def . of ,/);, 



GxG/N 



Cj,{u){zrfj{u)j-,,^,){g,gj,iu)+z) 
GxG/N 

Xl{u){gN + z) {q>ji{u)+x + 7^,g) {l-ci,z) d{g,z) 



The notation isasintheprevioustheorem, and^|^(M)(z) := l^jj{u){z)(p'j'{u){z). 

Since G/N is compact and Xji{u){z) e U(Jf) it foUows that Xji{u)i-)v e 
L^(G/N, for each c e J{. So it possesses a Fourier decomposition 

lJ,{u)igN + z) = J %{u){S) {-ö,z) {-S^,g) dö 



G/N 
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and 

G/N 

for some ^^^•(m)(_) : G/N £-(?{). The calculation continues inserting this 
into the previous equation, 

gTngJn 

{j-S-oi + e, -gjiiu)) Cfj{u){S) de dS 

g7ng/n 

{j-S-a + e, -gjiiu)) Xij{u){ö) de dö 

^ j j ^(^){<^-er {-e',-gii{u)) fj{u)T'i^"\<pjM^ 
gTngJn 

{S',-gji{u))^iu){j-S')de'dS'. 

Now, bearing in mind that fi{uy''^"^ (x) (oc, 7) is the kernel of the integral Oper- 
ator /;(m)^*("^(;\:) e aC(L2(G7jV,?{)), the last expressionbecomes 

= rij,{u)*fj{u)T''^"\cpj,iu)+x)np{u) 

= Ad{riji{u)*){fj{u)^i^"\cpji{u)+x)) e X{L^{g7n,%)), 

wherein j/;j(m) G U(L^(N-'-,CK)) is the composition of the two Operators 

L^iG/N,^) L^{G/N,:K) (48) 

F ^ g(5(-.)*F:/3^ I fj(5(/3-«)F(«^)d« 

G/N 

and 

l^{g/n,:k) l^{g/n,:k) (49) 

F ^ [ß^ iß, -gjiiu)) F{ß)). 
Note that both of these Operators are in fact unitary, so r]ji{u) is. The calculation 
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done so far can now give us the relation we are looking for 

Tifi{u,xN^) = Ad{A{x)(^l)Muf'^"\x) 

= Ad{A{x) ® 1) Adinjiiu)-') fjiufi^"\cpji{u)+x) 
= Ad{{A{x) ® l)T]j,{uy\A{cpj,(u) + xy^ ® 1)) 

=: i%tji){u){xN^)-' 

AdiA{cpj,{u) + x) ® 1) fj{ufi^"\cpji{u)+x) 
= {%tii){u){xN^r'Tjfj{u,fji(u^ (50) 

= gjiiu) e G/N^ 

{%tji) (") ix^^) is in fact well defined for x^^ E G/N^, since A{x + 7^) = 
A{x)A{y^) = A{x)X (7), and the left regulär representation Operator A (7) 

G / ZV G/N 

commutes with the convolution Operator (|48j and commutes with the multi- 
plication Operator l|49)l up to (7, —gji{u)), a U(l)-valued multiple of the iden- 
tity. Hence the commutator of Ad(A(7^) 1) and Ad{y]ji{u)) vanishes in 
PU(L2(G7N,5f)). 

hl view of equation |[47l l, equation (|5D|l shows that the family {Tifi}iei de- 
fines a section in a DC(L^ (G/N, CK)) -bündle over E with transition functions 
J'^Cji- Up to Fourier transform, this bündle is nothing but F itself, for we find 

= Ad((J® 1) o {{cpji{u)+d-{z),-a{.)) 1) o (J"^ ® 1) o r]ji{u){z) o 
(3^0 1) o ((^(z),c7(.)) ® 1) o (J-i ® 1)) 

= Ad((J® 1)0 (((pyi(M) +^(2),-£r(.)) ® 1) 

('^G/J-^iK")) ® 1) IjMi--) (<?;,■(")(--) ® 1) 
((^(z),(7(_))®l)o(J-i®l)) 

= Ad(^{J®t)o{{cpj,{u)+d-{z),cr{_ + gj,{u)-a{_))®l) 

iKfA-Sj.iu)) ® 1) IjMi--) {{cpjiiu), <?;,(«)(--) ® 1) 

0(5-1®!)) 

= Ad((J® 1)0 ((^(^y,-(M) +z),-(7(.)) ® 1) 

('^G/N(-^i.(")) ® 1) (-^(-).0) ® l) O (J-^ ® l)) 

= (3^0 1) o ^^■;(m)(z) o (3^-1®!). 
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So the the family {T,/,} defines a section Tf e T{E,F), and we have con- 
structed a map T : Cc{G,T{E, F)) T{E, F) which extends to an isomorphism 
of C*-algebras 

Then the relation T{aP^f) = aP^{Tf) is established by local calculation in the 
same manner as over the point in equation | |46] l. Thus T is in fact an isomor- 
phism of C*-dynamical Systems. ■ 
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A Some Notation and Basic Lemmata 



A.l Croups 

Let G be a Hausdorff locally compact abelian group and N some discrete, co- 
compact subgroup, i.e. G/N is compact. 

Lemma A.l (/) The quotient map G — > G/N has local sections. 

(ii) The quotient map G ^ G/N has a Barel section. 

Proof : (f) N C G is discrete, i.e. there exists an open neighbourhood U of 
e G such that U n N = {0}. Let + : G x G ^ G be the addition. + is 
continuous so +~^{U) is an open neighbourhood of (0, 0) G G x G. So there 
IS an open neig hbourhood V C G of e G such that V xV G +^'^{11). Let 
W := V n { — V). Then W is an open neighbourhood of e G, and for all x e W 
and n e W\{0} the sum x + n ^ W, for x e W implies —x e W and in case 
z + M e W we would find {x + n) + {—x) = n e U - a contradiction. There- 
fore W maps uijectively to G/N, and as the quotient map is open it defines a 
homoeomorphism from W to its image W /N. This defines a local section from 
W / N to G, and using addition in G / N we can move W/N all over G/N to get 
a local section in the neighbourhood of each point in G/N. 

(n) This follows from compactness of G/N. For let : U„, — > G, m = 1, . . . , n 
be a family of local sections such that Um=i Um = G/N, then 



The dual group of G is G := Hom(G,U(l)). With compact-open topology 
it becomes again a Hausdorff, locally compact group, and if G is second count- 
able, then also G is. For parings of a group and its dual we will use bracket 
notation (a:/^')/ («/")/ ■ ■ ■ e U(l),for^ e G,x & G,n e N,a. e N. 

We recall part of the classical duality theorems [RuJ. Pontrjagin Duality 

States that the canonical map G to G is an isomorphism of topological groups. 
Moreover, if N^ := {x G G \ x\n = l}is the annihilator of N, then there is a 
canonical isomorphism G/N 3 a {s {"^'S^)) ^ ^^'^ ^7 same 
means G / N^ = N. Further, the dual group of a discrete group is compact and 
vice versa, so N^ C G is a discrete cocompact subgroup, thus the Situation 
is completely Symmetrie under exchange of N, G by N^, G. Let us denote the 
Integration of a (compactly supported, continuous) function / : G ^ C against 




if z e Ui, 
if z e U2\Ui, 



,s„(z). 



ifze !J„\U",=\ü, 



m 



defines a Borel section. 
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the Haar measure of G simply by Jßfig) dg. For the Fourier transform / of 
/ we use the Convention f{x) :— JG{X'S)fis) '^S' X ^ G. It extends to an 
isomorphism L-^(G) — > L?-{G). 

A.2 Group and Cech Cohomology 

For a topological G-module M let us denote by C^^^^{G, M) (resp. C^q^{G, M)) 
the continuous (resp. Borel) maps M,k = 0,1,2,... (C^(G,M) := M). 

They are topological spaces with the compact-open topology. The differential 

d : Cf(G,M) ^ C,^+^(G, M),givenby 

dfiSi gk+l) -.^ gk) 

k 

+ E(-i)'/(^i' • • -'Si + gi+i' ■ ■■'gk+\) 

makes G%{G,M) a cochain complex with cohomology groups H^(G, M) := 
Z^(G,Mj/ß^(G,M),for thecocycles Z\{G,M) ker(4) and the boundaries 
ßf(G,M) :='im(dfc_i). 

Let U, = e J} be an open covering of a space ß. By üig...;^ we denote 
the intersection JJ,g fl • • • fl JJ,^. Let Jbe any abelian sheaf and let C*^(U„5') := 
n5'(iJ,o-;J- The boundary Operator ^ : C*=(L[„y) ^ &"^^{U„'S) isgivenby 

(<5?')fo...it+i — ?'ii-4+ilt^io....,+i ~ ?'w2-!ic+il".o-4+i + ■ ■ ■ + (~l)'''^Vio-4lt^io...;;t+i' 

and we use the Standard notation for the cohomology groups 

We also use the notation A to denote the locally constant sheaf of continu- 
ous functions to A, for any abelian topological group A. 

A.3 The Unitary and the Projective Unitary Group 

Let 'K be some infinite dimensional, separable Hübert space with rmitary group 
U(5f ) which we equip with the strong (or equivalently weak) Operator topol- 
ogy. We denote by 

Ad : U(5f) ^ PU(?{) U(5{)/U(l) 

the quotient map from the unitary onto the projective urvitary group, and we 
endow the latter with the quotient topology. 

Let LZ c U(J{) be any subset, e.g. U = U(l) • 1 and let M be some measure 
space, e.g. G or G/N, then we denote by 

L~(M, U) C U(L^(M) 5{) (51) 
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the set of unitary Operators which are given by (equivalence classes of) mea- 
surable functions f : M ^ U which act as multipHcation Operators. In partic- 
ular L°°(M, U) has the subspace topology of U{L^{M) (g) CK) which is usually 
referred as the weak topology on L°°{M,U). The image of L^{M,U) under 
Ad : U(L2(M) ® ?{) ^ PU(L2(M) ® 5{) is denoted by PL~(M, U). 

Let US equip the Borel fimctions Bor (G, LI) with the compact-open topology. 

Lemma A.2 The natural map 

Bor(G, U) V°{G,U) 

is continuous. 

Proof : A Standard e/3-argument. Let/a fhe a convergingnetinBor(G, U), 
i.e. for each compact K C G and any w G we have 

— sup||/«(g)ii;-/(g)a;||j, ^0. 
We have to show that for all veL^{G,:K) 

II/«^-MIl2(G,K)^0. 

Recall that in case of the Haar measure the compactly supported functions 
Cc(G) are dense in L^(G). So for any v G L^(G,IK) and e > there exist com- 
pactly supported functions hi e Cc(G), vectors Wj G Jf and numbers a;y G C 

such that \\v - Ei^-=i «i^- <S) ^jW^^nc^) < ^Z^- 

Choose K := Ulli supp /i; C G and C := 1 + Ei)5-=i Mg) P dg > 0. 

Then there exists an ocq such that ||/« — /||K,H)y < for all a > «o and all 

i^l,...,N. 

We can estimate now 

N 

N N 
i,j=l ' i,j=l 

/ r ^ ^ \i/2 

< IIMIop-£/3+( / II E«y^^(^)(M^H-/(^H)ll?,rfg +ll/llop-e/3 



K 

/3+ (n^^ layl^y |^,(g)n|(/,(g)zi;y-/(g)w;y)f^ dg) +£/3 

/ N „ f2 ,1/2 

dgj + £/3 



< £ 



< £/3 + V?79 + £/3 = £, 
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for all a. > kq. ■ 

For PU(Jf)-principal bundles we have the following well-known Classifi- 
cation theorem. (See e.g. [Di, Thm. 10.8.4] for the first and of LPRI for the 
second Statement; although therein it is not stated as below, we can carry 
Over the proofs.) To state the theorem we rntroduce some notation. Let us 
denote by Iso(E) the set of isomorphism classes of PU(J{)-principal bundles 
Over E, and if P — > E is a PU(J{)-principal bimdle, we denote by Auto(P, E) 
the group of bündle automorphisms (over the identity of E). There is the sub- 
group Null(P, E) C Auto(P, E) which consists of all null-homotopic bündle 
automorphisms . 

Theorem A.l Let E he a paracompact Hausdorff space and P ^ E be any fixed 
¥\]{'K)-principal bündle. 

1. '?'[]{%) -bundles over E are classified by the second Cech cohomology with values 
in the locally constant sheaf of continuous functions to U(l), 

Iso(E) ^ H^{E, U{1) )- 

2. There is a short exact sequence 

^ Null(P,E) ^ Auto (P,E) ^ H^(E, U(1) ) ^ 0. 

In particular, if P ^ E is the trivial bündle P = E x PU(3i) we iden- 
tify Auto (P,E) with the continuous functions C(E, PU(Jf)). If we keep this 
in mind, a coroUary of the Classification theorem of bündle automorphisms is 
the following Statement which is sometimes called homotopy commutativity 
of the projective unitary group. 

CoroUary A.l Let Ehea paracompact Hausdorff space and f,g:E^ PU(5{) two 
continuous functions. Then there extists a continuous function V : E ^ U(J{) such 
that 

f{x)g{x)=g{x) fix) AdiVix)), XEE. 
Proof : X f{x)g{x) and x g{x)f{x) define the same Cech class. ■ 

We do not give a proof of Theorem lA.ll but we remark that it depends 
heavily on the the fact that the unitary group U(!K) is contractible. For the 
strong topology on U(1K) this is not difficult to prove and may be found in [Di] 
10.8]. We line out the proof for convenience. Assume 'K = E^([0, 1]), then let 
cpt : L^{0,t) = L^(0, 1) be the isometric isomorphism defined by q>t{f){x) : = 
Vtf{tx), for t > 0. We define H : [0,1] x U(L2(0,1)) ^ U(L2(0,1)) by 
H(0, U) := 1 and 

(H(,,l,)(/))W:=j<''';°"°'"</l.»^')))M. «0<'<;. 

\f{x), It t < X < 1, 

then H is a homotopy connecting the identity on U(!K) and the constant func- 
tion with value IL e U( Jf), thus H is a contraction. 
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Remark A.l For eachfixed time slice t G [0, 1] H{t, .) isa group homomorphism. 
So U(5{) is contractible as group 

Remark A.2 Theorem \A.l\ also holds when we replace the unitary group U(M) by 
any contractible, abelian (sub)group U^^(J{) such that U(l) C U^^(J{). I.e. the sec- 
ond Cech cohomology H^(E,U(1)) also classifies F\J^^ {J{)-bundles over paracom- 
pact Hausdorff Spaces E and the first Cech cohomology H^(E,U(1)) also classifies 
FU''^ {:K) -bündle automorphisms, for FU''^ CK) := U'^''(5{)/U(l). 

The next lemma shows that there exists a appropriate commutative Version 
U(l) ^ U^^(J{) ^ FV^iK) of U(l) ^ U(5{) ^ FU{K). 

Lemma A.3 There exists a contractible, commutative subgroup U^^(!K) c U(!K) 
such that\J{l) ■ 1 c U^^(J{). 

Proof : We let Jf = L^{0,1) and\J''^{K) := L~([0,1],U(1)). It is a commuta- 
tive subgroup and U(l) ■ 1 C U^^(5{). The contraction H from above restricts 
to/i := H|[oi]^u-b(:K) : [0.1] x U^''(^H;) ^ W^{K) andisgivenby 



\g{js), ifs<t, 
II, if s > f 



A.4 Crossed Products 

Let {A,G,a) be a C*-dynamical System, i.e. A is some C*-algebra equipped 
with a (strongly) continuous action a : G ^ Aut(A). Let (tt, !K) be some faith- 
ful representation of A. We embed Cc{G,A), the compactly supported contin- 
uous functions G ^ A, into £(L^(G, !K)): define 

/ x.:L^{G,K) L^{G,K) 

by 

(/xF)(g) := I n{a.,if{h)))F{g-h) dh, 
G 

for/ e Cc{G,A),F e L^(G, The adjoint Operator of/x _ is easily calculated 
and is (/ x _)* = x _, wherein (g) := OLg{f{-g))*. Clearly has com- 
pact Support, and is continuous (all dg have norm 1). So Cc(G, A) is closed 
imder the ^-Operation. Furthermore one ha^/i x [fi'x F) = {fi x fj) x F, 
wherein 

(/lx/2)(^) := I fi{h)dhif2ig-h))dh 
G 

lö^Ye use the same symbol x for different maps. 
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again defines an dement of Cc{G,A). Thus Cc{G,A) ^ £(L^(G, IK)) is a *- 
subalgebra. The crossed product of G and A is then defined as the norm com- 
pletion 

Gx,A:= (^Cc(G,A)"'",x/y 

(This is in fact well-defined, since the Operator norm of / x _ is independent of 
the faithful representation (tt, Oi).) 

For X G G,f E Cc{G,A) we set ^xif)(s) {X'Slfis) which extends to a 
strongly continuous action ä : G — > Aut(G A), so (G x« A,G,a) again de- 
fines a C*-dynamical System. Going once more through the process of building 
the crossed product gives a C*-dynamical System (G x „ (G x « A), G, a), and a 
key Statement in the analysis of crossed products is the f ollowing Takai Duality 
Theorem (see e.g. llPell ). 

Theorem A.2 There is an isomorphism of C* -dynamical Systems 

(G xa (G X« A),G,a) ^ (A®c* "^^{1^ {G)) , G , ol ® Ad o q) , 

for the right regulär representation q : G ^ U(L^(G)), i.e. {Qgf){h) := f{h + g) 
andAd{Qg){K) = QgKq~^,forKE XiL^iG)). 

A.5 Some Topology 

We will sometimes use the word space as abbreviation for topological space. 
Let X, Y be topological spaces. By Bor(X, Y) we denote the set of Borel func- 
tions from X to Y. We endow this space with the compact-open topology, i.e. 
we define a basis of the topology by all sets of the form Lr^^y •= {/ ■ ^ 
Y\f{K) c V} for compact X c X and open V c Y. The subspace of contin- 
uous maps will be denoted by Map(X, Y) c Bor(X, Y). We use the notation 
C(X, Y) for the continuous functions if we do not want to specify the topology 
on it, or in case Y is a normed space, then we put the supremums norm on 
C(X, Y). Recall the exponential law [Sch] for Map(., ..). 

Lemma A.4 Let X, Y, Z be topological spaces. Assume X and Y to be Hausdorff 
and Y locally compact. Then we have a homoeomorphism 

Map(X xY,Z) Map(X,Map(Y,Z)) 

/ (XH^/(X,.)). 

Let E ^ ß be a surjective fibration and assume Y is locally compact and 
Hausdorff. By use of the exponential law it is then immediate that Map( Y, E) — > 
Map(Y, ß) still has the homotopy lifting property with respect to all Haus- 
dorff Spaces; we denote this property by T2HLP. For contractible E the map 
Map(Y, E) —> Mapo(Y, ß) := {/ ci; const.} becomes a surjection having the 
T2HLP. 
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We now restrict ourselves to the particular case of E = U(J{), B = PU(J{). 
Since U(JC) is Polish [Kej the quotient map U(?{) PU(Jf) admits a Borel 
section s : PU(5{) ^ U(5{) lÜ Thm. 12.7]. 

Let / G Map(y, PU(!K)) be a map not homotopic to a constant map. The 
Borel function s*/ = so f :Y ^ U(IK) gives rise to a bijection of sets 

Map(Y,U(J{)) ^ Map(y,U(J{)) -s*/. 
g ^ g-s*f 

We turn this map into a homoeomorphism by defining the topology of the right 
hand side to be the image of the topology of the left hand side. Then 

Map(Y,U(J{)) ■ s,f Mapo(Y,PU(J{)) ■/. 

as well as the assembled map 

U (Map(Y,U(J{)) -s,/) ^ U (Mapo(Y,PU(J{)) ■/) 

/GTT fen 

becomes a surjection satisfying the T2HLP. Here tt := {/ : Y ^ PU(IK)} is a 
set of representatives of the first homotopy group 7ro(Map(Y, PU(J{))). If Y is 
compact Mapo(Y,PU(J{)) C Map(Y,PU(J{)) is open, i.e. 

Map(Y,PU(J{)) = ]J (Mapo(Y,PU(J{)) ■/). 

/e/r 

To consider non compact Y the following easy Statement is helpful. 

Lemma A.5 Let Z be any (pointed) space, and let denote the path-connected 
componentofz e Z. Then 

U ^ y Zz = z 

is afibration. 

Proof : Give any fest space X and a diagram 

X °-^UZz 



Xx I 



h 



we define the (imique) homotopy h : X x I ^ U^z that fits into the above 
diagram simplyby /i(x, := h{x,t). One has to check that Ä is continuous. For 
this it is sufficient to show that h~^{Zz) is open. Since h maps path-connected 
components into path-connected components we have /z^^(Zz) =/Zq^^(Zz) x I. 

Since /Zo"^(Zz) c X is open, itfoUows that /i"i(Zz) = /j~^(Zz) = /Zq^H^z) x 7 c 
X X Z is open. ■ 
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This lemma illustrates that 



U (Map(y,U(5{))-s,/) 

fen 



Map(Y,PU(?{)) 



(52) 



is surjective and satisfies the T2HLP for all locally compact Hausdorff Spaces 
Y, e.g. Y = G X G/N. This implies the next 

CoroUary A.2 Let Ubea contractible Hausdorff space, and let }i : U ^ Map(G x 
G/N,PU(5{)) be continuous. Then there exists a continuous lift Jl : U ^ Bor(G x 
G/N,U(J{)) such that Ad* oji = ii, i.e. AdoJi{u) = }i{u)for all u e U. 

Proof : | |52l l has the T2HLP and LI is contractible and Hausdorff. ■ 

For the remainder of this paragraph we stick to compact Y, e.g. Y = G/N. 
We shall consider the map Ad* : Bor(Y,U(J{)) ^ Bor(Y,PU(Jf)). 

Lemma A.6 Ad* z's continuous and open. 

Proof : Note first that Ad : U( J{) PU(3^) is continuous and open. 
Continuity: Let Uk,v ■= C V,K c Y compact, V C PU(J{) open}. 

ThenAd;^(ÜK,y) = {/l/W C Ad"^(y)} is open in Bor(Y,U(J{)). 
Openness: Let'UK,w ■= {f\f{K-) C W,K c Y compact, W c U(J{) open}. 
Then the inclusion Ad* (!Jk,w) C {g\giK) C Ad(W)} is obvious; we show 
equality. To do so it is sufficient to construct a Borel section s of U(J{) — > 
PU(J{) such that s(Ad(W)) c W. PU(J{) is separable. Take a countable dense 
set {xi}i e N and a local trivialisation Uq C PU(5{) of U(Jf) PU(J{). Let 
Ui := UoXi c PU(J{) and Vj := Ad(W) n ü,-, so U/ Vi = Ad(W). It suffices to 
construct Borel sections s, : V, ^ W and puzzling them together by 



s(z) := 



'si(z), if z e Vi, 

S2(z), ifzeV2\Vl, 

s„(z), ifze v-„\u;;~\v,„ 



then s is Borel, since we put together a countable family. The sections Sj : Vj ^ 
W may be obtained by similar manners: Let hi : Ad"^(\^) ^ V,- x U(l) be a 
trivialisation, and let W; := /z/(Ad"^ (V,) n W). Then W; c l^- x U(l) is open. 
Thus for each l E L := {l e N|x; E Vi} there is cpj E U(l) and an open 
neighbourhood Vj 3 x; such that Vj x {cpi} c W,-. We define 



s,-(z) : = 



ifz e v,.'!, 
ifze v,.'l\y/^ 



h;\z,cpO, ii^Evl"\y}l__ 



Ivl' 
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for a counting Ii, h, ■ 



of L. This completes the proof. 



Lemma A.7 IfY is compact then Ad* : Bor(Y,U(J{)) Bor(Y,PU(?£)) fs a 
locally trivial principalfibre bündle with structure group Bor(Y, U(l)). 

Proof iLett -.V ^ U(J£) be a local section of U(3<) PU(?{) for some open 
V C PU(J{). Then : Uy 3 f ^ t o f e Bor(Y,U(J{)) is a local section 
on Uy '■— {f y ^ PU(5£)|/(Y) c V} which is open, since Y is compact. 
We can cover the whole of Bor(Y,PU(J£)) by translates of Uy under the action 
of Bor(Y, PU(?{)) on itself. The lemma will be proven if we can show that 
Bor(Y,PU(J{)) and Bor(Y,U(5{))/Bor(Y,U(l)) are homoeomorphic. Take a 
Borel section a : PU(J{) U(J{). Then 

cr^ : Bor (Y,PU(J{)) ^ Bor(Y,U(5£))/Bor(Y,U(l)) 

is easily seen to be a bijection such that 
Bor(Y,U(Jf)) 

Ad* 

Bor(Y, PU(?{)) Bor(Y, U(?{)) /Bor(Y, U(l) ) 

commutes. It follows that a^. is a homoeomorphism, for the quotient map and 
Ad* are both continuous and open. ■ 

We will use the above lemma in combination with the next. 

Lemma A.8 Let P ^ Mbea locally trivial fibre bündle, and B a paracompact space. 
Then for each covering {Ui\i G 1} ofB and maps ^ij : Ui n Uj M, there exists a 
refinement {Vj^\ix G I x ß} (l^-^ c U,) and continuous Cix,jy '■ ^ix ^ Vjy — >• P such 
that the diagram 



P 




commutes. 

Proof : Without restriction we can assume that the covering {ü,},g/ is locally 
finite, so for each x e X Ix := {k e I\{x} HUk ^ &} is finite. If x ^ Ui, we 
define Vj^ :— 0. If x G U/, then i G Ix- For each Qi({x),k G Ix, choose a local 
trivialisation M,-fc,.^ 3 C'i)c(x) of P ^ M. Then Vjx ■- flice/, Q^i^i^x) C LT/ is 
open. By construction the image of CijlVi^nVjy is contained in flfcei^c ^i,k,x> ^nd 
we can compose djWi^nVjy with any local section, say Mij^x ~^ Pf to define 

Zix,iy * 
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